NORM VARIETIES AND THE CHAIN LEMMA 
(AFTER MARKUS ROST) 



Notes by Christian Haesemeyer and Chuck Weibel. 

The goal of this paper is to present proofs of two results of Markus Rost, the 
Chain Lemma 10.11 and the Norm Principle 10.31 These are the steps needed to 
complete the published verification of the Bloch-Kato conjecture, that the norm 
residue maps are isomorphisms K^f{k)/p —> H™ t {k,1/p) for every prime p, every 
n and every field k containing 1/p. 

Throughout this paper, p is a fixed odd prime, and k is a field of characteristic 
0, containing the p-th roots of unity. We fix an integer n > 2 and an n-tuple 
(oi, ■»,a n ) of units in k, such that the symbol {a} is nontrivial in the Milnor K- 
group RM{k)/p. 

Associated to this data are several notions. A field F over k is a splitting field 
for {a} if {o}f = in K^f (F)/p. A variety X over k is called a splitting variety 
if its function field is a splitting field; X is p-generic if any splitting field F has a 
finite extension E/F of degree prime to p with X{E) ^ 0. A Norm variety for {a} 
is a smooth projective p-generic splitting variety for {a} of dimension p™ -1 — 1. 

The following sequence of theorems reduces the Bloch-Kato conjecture to the 
Chain Lemma 10.11 and the Norm Principle 10.31 the notion of a Rost variety is 
defined in 10.51 below; the definition of a Rost motive is given in [14] and [15] , and 
will not be needed in this paper. 

(0) The Chain Lemma It). II and the Norm Principle 10.31 hold: this is proven here. 

(1) Given (0), Rost varieties exist; this is Theorem 10.71 below, and is proven in 
021 p. 253]. 

(2) If Rost varieties exist then Rost motives exist; this is proven in [15]. 

(3) If Rost motives exist then Bloch-Kato is true; this is proven in [13] and [14] . 
Here is the statement of the Chain Lemma, which we quote from [101 5.1] and prove 
in Sj5] A field is p-special if p divides the order of every finite field extension. 

Theorem 0.1 (Rost's Chain Lemma). Let {a} £ K^f (k)/p be a nontrivial symbol, 
where k is a p-special field. Then there exists a smooth projective cellular variety 
S/k and a collection of invertible sheaves J = J\, J[, . . . , J n —u J' n -\ equipped with 
nonzero p-forms J = 7i) 7i • • • , 7n-lj l'n—l satisfying the following conditions. 

(1) dim S = pip 11 - 1 -l)=p n - p; 

(2) {oi, ...,a n } = {ai, . . . ,a n _ 2 ,7n-i)74-i} e K n( k ( s ))/P, 

{oi, . . . ,ai_i,7i} = {oi, . . .,Oj_2,7t-i>7i-i} e K^mS))/? for2<i < n. 
In particular, {ax, . . . , a „} = { 7 , 7 J, . . . , £ K*f (k(S))/p; 

(3) 7 i T{S, J)®(-p\ as is evident from (2); 

(4) for any s £ V(ji) U V(7i)j ^ e fi e ^ M s ) splits {a\, . . . ,a n }; 

(5) J(y(7i)) + I(V(-/D) C pTL for all i, as follows from (4); 

(6) deg(ci(J) dim5 ) is relatively prime to p. 

Rost's Norm Principle concerns the group Aq(X, K,\), which we now define. 
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def :A0K1 



def :nu-var 



def :Rostvar 



6.3 



Definition 0.2. (Rost, [5]) For any regular scheme X, the group Aq(X,ICi) is 
defined to be the group generated by symbols [x, a], where a; is a closed point of 
X and a £ k(x) x , modulo the relations (i) [x, Qt][x, a'] = [x, aa'] and (ii) for every 
point y of dimension 1 the image of the tame symbol K2(k(y)) — > ©fc(x) x is zero. 

The functor Ao(X, ]Ci) is covariant in X for proper maps, because it is isomorphic 
to the motivic homology group i?_i,_i(A) = Honi£>M(Z, M(A)(1)[1]) (see [101 
1.1]). It is also the if-cohomology group H d (X, K,d+i), where d = dim(A). 

The reduced group A (X,]Ci) is defined to be the quotient of A (X, K,\) by the 
difference of the two projections from Aq(X x X,fC±). As observed in [10l 1.2], 
there is a well defined map TV : Aq(X, JCi) — > k x sending [x, a] to the norm of a. 



normprin Theorem 0.3 (Norm Principle). Suppose that k is a p- special field and that X is 
a Norm variety for some nontrivial symbol {a}. Let [z,0\ £ Ao(X, /Ci) be such that 
[k(z) : k] = p v for v > 1. Then there exists a point x £ X with [k(x) : k] = p and 
a £ k{x) x such that [z, f3] = [x, a] in Aq(X, /Ci). 



We will prove the Norm Principle 10.31 in section [9] below. 

Our proofs of these two results are based on 1998 Rost's preprint [7], his web site 
[5] and Rost's lectures [Rostj in 1999-2000 and 2005. The idea for writing up these 
notes in publishable form originated during his 2005 course, and was reinvigorated 
by conversations with Markus Rost at the Abel Symposium 2007 in Oslo. As usual, 
all mistakes in this paper are the responsibility of the authors. 



Rost varieties. In the rest of this introduction, we explain how 10. II and 10.31 imply 
the problematic Theorem 10.71 and hence complete the proof of the Bloch-Kato 
conjecture. We first recall the notions of a ^-variety and a Rost variety. 

Let A" be a smooth projective variety of dimension d > 0. Recall from [H §16] 
that there is a characteristic class Sd ■ Ko(X) — > Z corresponding to the symmetric 
polynomial Y^tj m the Chern roots tj of a bundle; we write Sd(X) for Sd of the 
tangent bundle Tx- When d = p v — 1, we know that Sd{X) = (mod p); see [4j 
16.6 and 16-E] and 9, pp. 128-9] or 1, 11.7]. 

Definition 0.4. (see [10l 1.20]) A v n -\-variety over a field k is a smooth projective 



variety X of dimension d = p" 



1, with s d (X) ^ (modp 2 ). 



For example, SdQP d ) = d + 1 by [4;, 16.6]. Thus the projective space 



is a 



^i-variety, and so is any Brauer-Severi variety of dimension p — 1. In Section [HI we 
will show that the bundle F(A) over S is a ^-variety 

Definition 0.5. A Rost variety for a sequence {a} = (a±, a n ) of units in A; is a 
j/„_i-variety such that: {ai, ...,a n } vanishes in K^f (k(X))/p; for each i < n there 
is a j/;-variety mapping to X; and the motivic homology sequence 



(0.6) 



l(Ax X) 



fl-i.-iPO -» (=fc x ). 



is exact. Part of Theorem 10 . 71 states that Rost varieties exist for every {a}. 

Remark 0.6.1. Rost originally defined a Norm Variety for {a} to be a projective 
splitting variety of dimension p™" 1 which is a ^„_i-variety (See |Rost[ 10/20/99].) 
Theorem 10 .7f 2) says that our definition agrees with Rost's when k is p-special. 

Here is the statement of Theorem 10.71 quoted from [10, 1.21]. It assumes that 
the Bloch-Kato conjecture holds for n — 1. 
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thm : normvar 



Theorem 0.7. Letn>2 and ^ {a} = {a x , . . . , a n } S K^(k)/p. Then: 

0) There exists a geometrically irreducible Norm variety for {a}. 
Assume further that k is p-special. If X is a Norm variety for {a}, then: 

1) X is geometrically irreducible. 

2) X is a v n ^\-variety. 

3) each element of Aq(X,K.\) is of the form [x,a], where x 6 X is a closed point 
of degree p and a £ k(x) x . 

The construction of geometrically irreducible Norm varieties was carried out in 
[TO], pp. 254-256]; this proves part (0) of Theorem 10.71 Part (1) was proven in [lOj 
5.4]. Part (2) was proven in [TQl 5-2], assuming Rost's Chain Lemma (see l0.1[) . and 
part (3) was proven in [101 p. 271], assuming not only the Chain Lemma but also 
the Norm Principle (see 10.31 below) . 

As stated in the introduction of [10] , the construction of Norm varieties and the 
proof of Theorem 10.71 are part of an inductive proof of the Bloch-Kato conjecture. 
We point out that in the present paper, the inductive assumption (that the Bloch- 
Kato conjecture for n — 1 holds) is never used. It only appears in |10j to prove that 
the candidates for norm varieties constructed there are p-generic splitting varieties. 
(However, the Norm Principle 10.31 is itself a statement about norm varieties.) In 
particular, the Chain Lemma [0.11 holds in all degrees independently of the Bloch- 
Kato conjecture. 



def :pf orm 



1. Forms on vector bundles 

We begin with a presentation of some well known facts about p-forms. 

If V is a vector space over a field k, a p-form on V is a symmetric p-linear 
function on V, i.e., a linear map (f> : Sym p (U) — * k. It determines a p-ary form, 
i.e., a function ip : V ^ k satisfying ip(\v) — X p ip(v), by <p(v) = 4>(v,v, ... ,v). If 
pi is invertible in k, p-linear forms are in 1-1 correspondence with p-ary forms. 

If V = k then every p-form may be written as tp(\) — a\ p or (f>(Xi, . . . ) = 
aJTAi for some a £ k. Up to isometry, non-zero 1-dimensional p- forms are in 
1-1 correspondence with elements of fc x /k /p . Therefore an n-tuple of forms ifi 
determine a well-defined element of K^f (k)/p which we write as {y>x, ■ ■ • , fn}- 

Of course the notion of a p-form on a projective module over a commutative ring 
makes sense, but it is a special case of p-forms on locally free modules (algebraic 
vector bundles), which we now define. 

Definition 1.1. If £ is a locally free Ox-module over a scheme X then a p-form 
on £ is a symmetric p-linear function on £, i.e., a linear map <f> : Sym p (£) — > Ox- 
If £ is invertible, we will sometimes identify the p-form with the diagonal p-ary 
form ip = (j> o A : £ — > Ox ', locally, if v is a section generating £ then the form is 
determined by a = tp(v): <f(tv) = at p . 

Remark 1.1.1. The geometric vector bundle over a scheme X whose sheaf of sections 
is £ is V = Spec(5*(£")), where £' is the dual O^-module off. We will sometimes 
describe p-forms in terms of V. 

The projective space bundle associated to £ is it : P(£) = Proj(5'*) — > X, 
S* = S*(£~). The tautological line bundle on ¥(£) is L = Spec(SymO(l)), and its 
sheaf of sections is 0{— 1). The multiplication S* (g> £" — > S*(l) in the symmetric 
algebra induces a surjection of locally free sheaves n*(£~) — > 0(1) and hence an 
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def : tautf orm 



P(0+K) 



Kummer algebra 



lem : pth-power 



injection 0{— 1) — + 7r*(f); this yields a canonical morphism L — * 7r*(V) of the 
associated geometric vector bundles. 



Definition 1.2. Any p-form if> : Sym p (£) 
e on the tautological line bundle L: 



Ox on £ induces a canonical p-form 



e : 0(-p) = Sym p (0(-1)) -» Sym>*£) = 7r*Sym p (£) ^ n*O x = <D P{£) . 

We will use the following notational shorthand. For a scheme Z, a point q on 
some Z-scheme and a vector bundle V on Z we write for the fiber of V at q, 
i.e., the fc(q) vector space q*(V) for q ^ Z. If is a p-form on a line bundle L, 
O^uG L| g and a = ip\ q (u p ), then y>| g : (L\ q ) p — > is the p-form y>| g (iu p ) = a£ p . 

Example 1.3. Given an invertible sheaf Lonl, and a p-form on I, the bundle 
V = O ® L has the p-form ^(i, u) = - ^(w). Then P(V) -> 1 is a P^bundle, 
and its tautological line bundle L has the p-form e described in 11.21 

Over a point in ¥(V) of the form oo = (0 : u), the p-form on is e(0, Am) = 
— X p (p(u). If q = (1 : u) is any other point on P(V) then the 1-dimensional subspace 
L| 9 of the vector space V\ q is generated by v = (l,u) and the p-form e\ q on L| 9 is 
determined by e(v) — u) = 1 — <ys(u) in the sense that e(A«) = A p (l — f(u)). 

One application of these ideas is the formation of the sheaf of Kummer algebras 
associated to a p-form. Recall that if L is a line bundle then the (p— l)st symmetric 
power of P(0 © L) is Sym p - 1 P(C ® L) = V(A(L)), where A(L) = 0^ L®\ 

Definition 1.4. If L is a line bundle on X, equipped with a p-form </>, the Kum- 
mer algebra A<j,{L) is the vector bundle A(L) = 0^T O L®' regarded as a bundle 
of algebras as in [lOj 3.11]; locally, if u is a section generating L then -4(L) = 
0[u]/(u p — 4>(u)). If x £ X and a = (/>\ x (u) then the fc(x)-algebra A\ x is the 
Kummer algebra fc(x)(^/a), which is a field if a k(x) p and Y[ k(x) otherwise. 

Since the norm on A${L) is given by a homogeneous polynomial of degree p, we 
may regard the norm as a map from Syirf A^L) to O. The canonical p-form e on 
the tautological line bundle L on the projective bundle P = P(A(L)), given in ll.2l 
agrees with the natural p-form: 

L® p — Sym p vr*^(i) O p , 

where tt : P — > X is the structure map and the canonical inclusion of L into 
n*(A(L)) = ®{f VjD®* induces the first map. 

Recall from ll.2l and ll.4l that <fi is a p-form on L, ip = (1, — tp) is a p-form on 0©L 
and e is the canonical p-form on L induced from ip. 

Lemma 1.5. Suppose that x<EX has cj>\ x ^0 and that Q=/=u G L\ x . Then e|(o :M ) =/= 0. 
Moreover, <j){u) £ k(x) xp iff there is a point £ € P(0 © L) over x so that e\e = 0. 

Proof. Let w = (t, su) be a point of over I = (t : su) € P(£> © L)\ x . If t = 
then £ = (0 : u) and e(u>) = — s p cj)(u), which is nonzero for s ^ 0. If t ^ then 

is determined by the scalar e(w) = ip(t,su) — t p — s p 4>(u). 
<f>(u) = (t/s) p . 



Thus e|* = iff 
□ 



Remark 1.5.1. Here is an alternative proof, using the Kummer algebra K = k(x)(a), 

ip(t, su) is the norm of the nonzero element t — sa in K, 



a = ^/<p(u). Since e(w) 
the norm e(w) is zero iff the Kummer algebra is split, i.e., (j>(u) 



a p e k(x) xp . 
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lem : specialize 



Finally, the notation {7, . . . , 7^,_i} in the Chain Lemma It). II is a special case of 
the notation in the following definition. 



def: symbol Definition 1.6. Given line bundles Hi, . . . , H n on X, p-forms 0.% on Hi, and a 
point 1 £ I at which each form (Xi\ x is nonzero, we write {ai, . . . , a n }\ x for the 
element {ails, ■ ■ ■ , a n U} of K^f (k(x))/p described before [TTT1 if m is a generator 
of Hi\ x and a t \ x {u t ) = a, then {on, . . . , a n }\ x = {ai, a n }. 

We record the following useful consequence of this construction. 



Lemma 1.7. Suppose that the p-forms on are all nonzero at the generic point 77 
of a smooth X. On the open subset U of X of points x on which each oti\ x =/= 0, 
the symbol {ai\ x , . . . ,a n \ x } in K^f (k(x))/p is obtained by specialization from the 
symbol in K^{k{X))/p. 



sec :n=2bis 



def : tower 



ex:ktower 



2. The Chain Lemma when n = 2. 

The goal of this section is to construct certain iterated projective bundles to- 
gether with line bundles and p-forms on them as needed in the case n = 2 of the 
Chain Lemma IDTT1 Our presentation is based upon Rost's lectures jRostl . 

We begin with a generic construction, which starts with a pair Kq, K—i of line 
bundles on a variety Xq = X-i and produces a tower of varieties X r , equipped 
with distinguished lines bundles K r . Each X r is a product of p — 1 projective line 
bundles over X r ^i, so X r has relative dimension r(p — 1) over Xq. 

Definition 2.1. Given a morphism f r -i : X r -i — * X r -2 and line bundles K r -i on 
X r -i, K r -2 on X r ^2, we form the projective line bundle P(OQ)K r ^i) over X r ^\ and 
its tautological line bundle L. By definition, X r is the product Yli~ P(0 © -KV-i) 
over X r _i. Writing f r for the projection X r — > X r -i, and L r for the exterior 
product L Kl • • • M L on X r , we define the line bundle K r on X r to be K r — 
(f r afr-l)*(K r - 2 )®lL r . 



fr- 



/r-1 



X. 



r-1 ' ' 



■Xi 



h 



Xn=X. 



Example 2.2 (A;-tower). The k-tower is the tower obtained when we start with X$ — 
Spec(fc), using the trivial line bundles K-±, Kq. Note that X\ = Y[ P 1 and Ki = Li, 
while X2 is a product of projective line bundles over F 1 , and K2 = L2. 

In the Chain Lemma (Theorem 10. 1[) for n — 2 we have S = X p in the fc-tower, 
and the line bundles are J = Ji = K p , J[ = f*(K p -i). Before defining the p-forms 



71 and j[ in !2.7l we quickly establish !2.6l this verifies part (6) of Theorem lO.il that 
the degree of ci(K p ) p ~ v is prime to p. 

If L is a line bundle over X, and A = Ci(L), the Chow ring of P = P(0 L) is 
CH(¥) = CH(X)[z]/(z 2 - \z), where z = c x (L). If vr : P -► X then n*(z) = -1 
in CH(X). Applying this observation to the construction of X r out of X = X r -i 
with A r -i = ci(K r -i), we have 



CH(X r ) = CH(X r _i)[z r 



• z r,p~l]/ {{ z r,-j 



K-\Zr,j I J = !,•••, P~ 1}), 



where z r j is the first Chern class of the jth tautological line bundle L. (Formally, 
CH(X r -i) is identified with a subring of CH(X r ) via the pullback of cycles.) By 
induction on r, this yields the following result: 
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lem:CH(Xr) Lemma 2.3. CH*(X r ) is a free CH* (Xq) -module. A basis consists of the mono- 
mials Y[ z i l j J f or e i,j € {0,1}, < i < r and < j < p. As a graded algebra, 
CH*(X r )/p = CH*(X )/p<8>R R r , where R = F p [A , A_ x ] and 

R r = F p [A-i, Ao, . . . , A r , zi y i, . . . , Zr y p-i}/I r , 

It = {{zt 3 - Xi-iZij | 1 < i < r, < j < p}, {X l - A,_ 2 - Y%Z\zi,j I 1 < i < ?'})• 

Definition 2.4. For r = 1, . . . ,p, set z r = Y^j=i z r,j and Cr — Yi z r,j- If follows 
from Lemma l2~3l that Xi = A^_2 + and zf = Yl z f,j = 2 z r _jX v r Z\ — ZiX^Zx in R r 
and hence in CH(X r )/p. 

By Lemma if I < r < p then multiplication by JJQ e CH r( -P-^(X r ) is an 
isomorphism CH Q {X Q )/p CH Q (X r )/p. UX = Spec(fc) then CH Q (X r )/p F p , 
and is generated by Ci • 



def :z-zeta 



lem:deg(yz) Lemma 2.5. i/y e CHq(Xq), the degree of y ■ Ci • • • Cr * s (— l) r< - p 1 Meg(?/). 



Proof. The degree on X r is the composition of the (/■»)*. The projection formula 
implies that (f r )*(Cr) = (— l) p _1 , and 

(/r).(» ' Cl • • • Cr) = (y ■ Cl • • • Cr-l) • (/r)*(Cr) = (-lY^V ' Cl " • ' Cr-1- 
Hence the result follows by induction on r. □ 



part6/n=2 



Proposition 2.6. For every 0-cycle y on Xq and 1 < r < p, X r — c\{K r ) satisfies 

,r(p— i) > 

y A r = y Ci ' 



Cr in CH (X r )/p, and deg(j/A r (p 1} ) = deg(y) (mod p). 



For i/ie fc-^ower l^.^l (with y = 1 J, we /mve deg(A^J p ) = 1 (mod p). 

Proof. If r = 1 this follows from y\-i — y\o = in CH(Xq): Ai = Z\ + A_i and 
y ■ Ci = y A^~ . For r > 2, we have A r = z r + A r _2 and z? r = z r X p r Z l by |2.41 Because 
p — r > 0, we have 

X^p- 1 ) ={ Zr + \ r „ 2 y^-i)+(p-r) = ( 2 p + A^_ 2 )'- 1 • (z r + A r _ 2 )f- r mod p 
= + K-2) r -\z r + A r _ 2 ) p - r = Cr X { ;il )ip - l) + T mod p, 

where Tg Ci/(X r „i)[z r ] is a homogeneous polynomial of total degree <p— 1 in z r . 

By |2.31 the coefficients of yT are elements of CH(X r _ 1 ) of degree > dim(X r _ 1 ), 
so yT must be zero. Then by the inductive hypothesis, 

jM r -l =^CrA r _ 1 = 2/Cr • (Cl " " "Cr-lJ 

in CH*(X r )/p, as claimed. Now the degree assertion follows from Lemma l2~5l □ 

The p-forms. We now turn to the p-forms in the Chain Lemma \0.l\ using the k- 
tower l2~2l We will inductively equip the line bundles L r and K r of !2.2l with p-forms 
^ r and ip r ; the 71 and j[ of the Chain Lemma 10. II will be ip p and tp p —i. 

When r — 0, we equip the trivial line bundles K_ 1: K on X = Spec(fc) with 
the p-forms <^-i(i) = aii p and ipo(t) = a2t p . The p-form (p r -i on induces a 

p-form ip(t, u) — t p — <y9 r _i(u) on O © K r —\ and a p-form e on the tautological line 
bundle L, as in Example 11.31 As observed in Example 1 1.3[ at the point q = (1 : x) 
of P(C © K r -i) we have e(y) = ip(l,x) = 1 - <p r -\(x). 
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def :gamma2 



splitting/n=2 



Definition 2.7. The p-form \Ev on L r is the product form Yl^P'- 
The p-form y> r on _ftT r = (/ r _i o f r )* (K r - 2 ) <8> L r is defined to be 

<^r = (/r-1 O / r )*(Vr-2) ® *r- 

Proposition 2.8. Let a; = (xi, . . . , x p -i) € -X" r &e a point with residue field E = 
k(x). For —l<i<r, choose generators Ui and V{ for the one- dimensional E 
vector spaces Ki\ x and l*i\ x respectively, in such a way that u% = Ui- 2 ® v%. 

(1) If ipi\ x = for some 1 < i < r then {ai,a 2 }E — G K2{E)/p. 

(2) If ipi\ x ^ /or aiZ i, 1 < i < r, then 

{ai,a 2 }js = (-l) r {^ r -i(w r -i),</7 r (u r )} G K 2 (E)/p. 

Proof. By induction on r. Both parts are obvious if r = 0. To prove the first 
part, we may assume that ipi\ x =/= for 1 < i < r — 1, but yvlz = 0. We have 
u r = u r _2 ® f r and by the definition of ip ri we conclude that 

= tp r (u r ) = <^r-2("r-2)*r(Wr), 

whence ty r (v r ) = 0. Now the element v r ^ is a tensor product of sections iUj and 
$ r (u r ) = ^^(lOj) so ip{vjj) — for a nonzero section u>j of LL. . By Lemma 11.51 
<£V-i(w r -i) is a pth power in E. Consequently, {tp r -2(u r -2), yV-i(wr-i)}.E = in 
K 2 (E)jp. This symbol equals ±{ai,a 2 }E in K 2 (E)/p, by (2) and induction. This 
finishes the proof of the first assertion. 

For the second claim, we can assume by induction that 

{ax, a 2 } E = ±{<Pr-2(u r -2), iPr-i(u r -i)}E- 

Now <p r (u r ) = (p r - 2 {u r - 2 )^ r (v r ). But {< / 9 T ._i(tt r _i),iV yr _ 1 (u r _i)} 
12.91 below. We conclude that 



by Lemma 



{(p r - 2 (u r -2),<Pr-l(Ur-l)}E = ~{(pr-l(Ur-l):<p r (u r )}E mod p; 

this concludes the proof of the second assertion. 



□ 



K2Tate 



Lemma 2.9. For any field k any a G k x and any b in K a = fc[^/a], the symbol 
{a, N Ka / k (b)} is trivial in K 2 (k)/p. 

Proof. Because {a, 6} = p{t/a, b} vanishes in K 2 (K a ])/p, we have {a,N(b)} = 
N{a, b} = P N({ tfE,b}) = 0. □ 

Proof of the Chain Lemma 10.11 for n = 2. We verify the conditions for the 
variety 5 = X p in the fc-tower[221 the line bundles J — J\ = K p , J[ = f*(K p -i); 
the p- forms 71 and j[ in lO.ll are the forms ip p and ip p -i of 12.71 Part (1) of Theorem 
10. H is immediate from the construction of S — X p ; parts (2) and (4) were proven in 
Proposition ^. 81 parts (3) and (5) follow from (2) and (4); and part (6) is Proposition 
with y = 1. □ 
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Norm Principle for n = 2 

The Norm Principle for n = 2 was implicit in the Merkurjev-Suslin paper [3l 
4.3]. We reproduce their short proof, which uses the the Severi-Brauer variety X 
of the cyclic division algebra D = A^(a, b) attached to a nontrivial symbol {a, 6} in 
K2{k)/p and a pih root of unity £; X is a Norm variety for the symbol {a, b}. 

MSnorm Theorem 2.10 (Norm Principle for n = 2). If x S X and [k(x) : k] — p m for 
m > 1 then for all A G fc(cc) there exists x' *E X and X' € /c(x') so t/ia£ [fc(x') : k] < p 
and [x,X] = [x',X'} inA (X,K.i) 



Proof. By Merkurjev-Suslin [3l 8.7.2], N : Aq{X,Ki) —* k x is an injection with 
image Nrd(-D) C k x . Therefore the unit N([x, A]) of fe can be written as the 
reduced norm of an element A' S D. The subheld _E = k(X') of I? has degree < p, 
and corresponds to a point ir' S X. Since 7V([a;',A']) = Nrd(A') = N([x,X]), we 
have [a;, A] = [x',X'] inA (X,)Ci)- □ 



sec : SymbolChain 



3. The Symbol Chain 
Here is the pattern of the chain lemma in all weights. 

We start with a sequence oi, 02, • • • of units of k, and the function <I>o(i) = t p . 
For r > 1, we inductively define functions <!> r in p r variables and ^ r in p r — p r ~ 1 
variables, taking values in k, and prove (in !3.4[) that {ai, a r , <&r(x)} = (mod p). 
Note that $ r and ^ r depend only upon the units ai,...,a r . We write for a 
sequence of p r variables Xy (where j = (Ji, ■ ■ ■ ,j r ) an d < jt < p), and we 
inductively define 



eq: Psi 



eq: Phi 



(3.1) 
(3.2) 



* r+ i(xi, ...,Xp_i) =TT P [l - a r+ i$ r (xi)] , 
$ r+ l(x , ...,Xp_i) =$ r (xo)*r+l(xi, ...,Xp_i) 



We say that two rational functions are birationally equivalent if they can be 
transformed into one another by an automorphism (over the base field k) of the 
field of rational functions. 



ex : r=l 



Example 3.3. ^i(xi 



.., Xp—i) 



n(i- 



ciix?) and $1(2:0, ...,x p _i) is nC 1-0 !^? )> 



the norm of the element £0 11(1 — XjCCi) in the Kummer extension fc(x)(ai), a\ = 
tfa\. Thus $1 is birationally equivalent to symmetrizing in the Xi, followed by the 
norm from &[^/aT] to k. More generally, ^ (xi, ...,x p _i) is the norm of an element 
in fc(xi, ...,x p _i)(yo7). 



ex : Weilrestrict 



Example 3.3.1. It is useful to interpret the map $1 geometrically. Let R^^/k^ 1 
denote the variety, isomorphic to A p , which is the Weil restriction ([16]) of the affine 
line over k(a), so that there is a morphism N : i? J t( Q )/fcA 1 — > A 1 corresponding to 
the norm map. The function k p — > k(a) defined by 



(so, si, . . . , Sp-i) h-> xo(l - s\a + s 2 a 2 



± Sp-ia 



p-i\ 
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induces a birational map A p — — > -Rfc^/fcA 1 . Finally, let q : A p_1 — > A p_1 /E p _i = 
A p_1 be the symmetrizing map sending (x\, . . . ) to the elementary symmetric func- 
tions (si, . . . ). Then the following diagram commutes: 



lxq 




rem:p=2 Remark 3.3.2. If p = 2, $i(a;o, asi) — ^o(l ~ oi^i) is birationally equivalent to the 
norm form u 2 — a\v 2 for k(y/a~i)/k, and $2 = $i(xo)[l — a2$i(xi)] is birationally 
equivalent to the norm form ((01,02)) = (u 2 — aiv 2 )[l — ci2(w 2 — ait 2 )] for the 
quaternionic algebra A_i(oi, 02). 

More generally, <E>„ is birationally equivalent to the Pfister form 

((on, ...,a r )) = ({at, ...,a r _i)) _L a n ((ai, ...,a r _i)) 

and ^> r is equivalent to the restriction of the Pfister form to the subspace defined 
by the equations Xo = (1, . . . , 1). 

Remark 3.3.3 (Rost). Suppose that p — 3. Then $2 is birationally equivalent to 
(symmetrizing, followed by) the reduced norm of the algebra (01,02) and $3 is 
equivalent to the norm form of the exceptional Jordan algebra J(ai, 02, 03). When 
r = 4, Rost showed that the set of nonzero values of $4 is a subgroup of k x . 

For the next lemma, it is useful to introduce the function field F r in the p r 



rem:p=3 



lem:basicf act 



exist :NV 



C-move 



variables Xj u . 
p copies of F r ~\. 

Lemma 3.4. {ai 



< jt < P- Note that F r is isomorphic to the tensor product of 



, Or, $r(x)} = {Ol, a r , *r(x)} 

If b E k is a nonzero value of # r , then {ai, a r , b} = 6 if r v li(fc) /p. 

Proof. By Lemma [2.91 {a r , v I' r (x)} = because v I / r (x) is a norm of an element of 
k(x)(a r ) by 13.31 If r = 1 then {ai,$i(x)} = {oi,Xo} = as well. The result for 
F r follows by induction: 

{Ol, O r +l, $r+l(x)} = {Ol, O r+ l, $ r (x )}{oi, O r+ i, * r+ i(x)} = 0. 

The result for b follows from the first assertion, and specialization from F r to k. □ 

Remark 3.5. For any value b £ k x of any desingularization X of the projective 
closure of the affine hypersurface = {x : $„(x) = b} will be a Norm variety for 
the symbol {ai, a n , 6} in K^f +1 (k)/p. 

Indeed, since dim(Xi,) = p n — 1, we see from Lemma 13.41 that every affine point 
of Xf, splits the symbol. In particular, the generic point of X\> is a splitting field 
for this symbol. By specialization, every point of X\, and X splits the symbol. 

The symmetric group S p _i acts on {xi, . . . ,x p _i} and fixes <!>„, so it acts on 
Xb. It is easy to see that X(,/S p _i is birationally isomorphic to the Norm variety 
constructed in p~0j §2] using the hypersurface W defined by N = b in the vector 
bundle of loc. cit. By [10l 1.19], X is also a Norm variety. 



Definition 3.6. A move of type C n on a sequence ai, 
tion of the kind: 



Type C n 



(oi, a n ) h-> (01, . 



a n in k x is a transforma- 
2,o n * n _i(x),a^ 1 ). 
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eq:moves 



eq:pmoves 



eq:Rtower 



Here $f n -i is a function of p" 



new variables x, = {xi,i, xi^-i}. 



By Lemma 13^41 {ai, a„} = {ai, a„_2, a„ v f'„_i(x), a~_ x }, so the move does 
not change the symbol in K^f (k). If we do this move p times, always with a new set 
of variables Xj, we obtain a move (ai, ■■■,a n ) >- » ( fl i, ---j On-2, 7n-i, 7n-i) m which 
7 n _i,7^_ 1 are functions of p n — p n ~ x variables Xfj, 1 < i < p, 1 < J < p. 

Since these moves do not change the symbol, we have 

(3.7) {oi, ...,a n } = {cn, a n _ 2 , 7«-i, 7n-i} 

in K^f(k). The functions 7„_i and 7^_! in ()3.7[) are the ones appearing in the 
Chain Lemma IDTTl 

Formally, if fe(xi) is the function field of the move of type C„, then the function 
field of the move (|3 . T|) is the tensor product A:(xi) ® • • • £g) fc(x p ). We will define 
a variety S n _i with function field i 7 ^. 

Using — p n ~ 2 more variables xj ■ (1 < i < p, 1 < j < p) we do p moves of 



typeC„_i on (oi, . 



_ 2 ,7n-i) to get the sequence (oi, ...,a n _3,7 n _2,7^_ 2 ,74-i)- 



The function field of this move is F' n _ x <g) F' n , and we will define a variety S„-2 with 
this function field, together with a morphism 5„_2 - * S n —i. 

Next, apply p moves of type C n _2, then p moves of type C„_3, and so on, 
ending with p moves of type C%. We have the sequence (71, 7i, 7a, — , 7«-i) in 



p n — p variables Xi, x p _i. Moreover, we see from Lemma 13.41 that 

(3.8) {a 1( ...,a„} = {7i,7i,72,-, 7^-i> in K{k). 

The net effect will be to construct a tower 

fr 



(3-9) 



S = Si 



So 



S n -2 



S n -i — > S n = Spec(fc). 



Let S be any variety containing U = A p ~ p as an affine open, so that k(S) = 
fc(xi, ...,x p _i), each Xj is p n ~ l variables Xij and all line bundles on U are trivial. 
Then parts (1) and (2) of the Chain Lemma [mi are immediate from (|3.7p and (|3.8p . 

Now the only thing to do is to construct S = S\, extend the line bundles (and 
forms) from U to 5 1 , and prove parts (4) and (6) of 10.11 



sec : model 



eq:PQtower (4.0) P n -1 



4. Model P n -i for moves of type C n 

In this section, we construct a tower of varieties P r and Q r over S' , with p- forms 
on lines bundles over them, which will produce a model of the forms \l/ r and $ r in 
(f3~Tj) and (|3~2|) . This tower, depicted in P~0jt . is defined in [Q below. 

^ > Q x Pl _^ Q Q = S ' 



Pr 



Qr- 



Pr- 



The passage from S' to the variety P n ~i is a model for the moves of type C n 
defined in 13.61 



def : Q-bundle 



Definition 4.1. Let X be a variety over some fixed base S'. Given line bundles 
if, I on J, we can form the vector bundle V = O © L, the P 1 -bundle P(V) over 
X, and L. Taking products over S', set 

P = nr lp(0 ® i); Q = Xx S' p 
On P and Q, we have the exterior products of the tautological line bundles: 



L(l,. 



1)=LILI 



LonP, K SL(1,...,1) on Q. 
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Given p- forms if and <f> on K and L, respectively, the line bundle L has the p-form 
e, as in Example 11.31 and the line bundles L(l, . . . , 1) and K M L(l, . . . , 1) are 
equipped with the product p-forms \P = Y[ e an d $ = f <& \f r . 

Remark 4.1.1. Let x = (xi, . . . , x p —i) denote the generic point of The 
function fields of P and Q are k(P) — k(x)(yi, . . . ,y p -x) and k(Q) = k(xo) ® k(P). 
We may represent their generic points in coordinate form as a (p— l)-tuple { (1 : yi)}, 
where the yi generate L over n. Then y — {(1, y^)} is a generator of L(l, . . . , 1) at 
the generic point, and = - <p(yi)), $(y) = <p(x )^(y). 

Example 4.1.2. An important special case arises when we begin with two line bun- 
dles H on S' , K on X, with p-forms a and ip. In this case, we set L = H £g> K and 
equip it with the product form <p(u ® v) = a(u)tp(v). At the generic point q of Q 
we can pick a generator u £ fi| q and set j/j = 118^; the forms resemble the forms 
of J3U) and (13~21) : 

*(») = IK 1 - "("M^)), = <p(vo) 

Remark 4.1.3. Suppose a group G acts on S", X, fT and L, and Kq, Lq are nontrivial 
1-dimensional representations so that at every fixed point x of X (a) k(x) = k, (b) 
L x = Lo- Then G acts on P (rcsp., Q) with 2 P_1 fixed points y over each fixed 
point of X p ~ x (resp., of X p ), each with k(y) = k, and each fiber of L = L(l, . . . , 1) 
(resp., K Ml) is the representation L J Q (resp., K$ ® L J Q ) for some j (0 < j < p). 
Indeed, G acts nontrivially on each term P 1 of the fiber Jl^ 1 ' so that the fixed 
points in the fiber are the points (yi, t/p-i) with each t/j either (0 : 1) or (1 : 0). 

We now define the tower l|4.0p of P r and Q r over a fixed base S', by induction on 
7-. We start with line bundles Hi, ... , H r , and K = Os> on S', and set Q — S'. 

Definition 4.2. Given a variety Q r -\ and a line bundle K r _\ on Q r -i, we form 
the varieties P r — P and Q r = Q using the construction in Definition 14.11 with 
X = Qr-i, K = K r -\ and L = H r <g) K r -i as in 14.1.21 To emphasize that P r 
only depends upon S' and ffi, . . . , H r , we will sometimes write P r (S"; ffi, . . . , H r ). 
As in 14.11 P r has the line bundle L(l, . . . , 1), and Q r has the line bundle K r = 
^-iSL(l,...,l). 

Suppose that we are given p-forms aj 7^ on fp, and we set $o(i) = t p on 
PJq. Inductively, the line bundle K r —i on Q r ~i is equipped with a p-form $ r _i. 
As described in 14.11 and 14.1.21 the line bundle L(l, . . . , 1) on P r obtains a p-form 
^ r from the p-form a r ® $ r _i on L = H r (8 K r —i, and P' r obtains a p-form 
$ r = $ r _i <g> * r . 

Example 4.2.1. Q x = P 1 is Iff' 1 F 1 (O ® Hx) over 5", equipped with the line bundle 
K\ = L(l, . . . , 1). If ffi is a trivial bundle with p-form a\(t) = a\t p then $1 is the 
p-form $1 of Example 13.31 

P 2 is J]?" 1 Fl (° ®H 2 ® K x ) over Q* -1 , and K 2 = K 1 M 1(1, . . . , 1). 

Lemma 4.3. Ifr > t/ien dim(P r /S") = (p r -p r_1 ) and dim(Q r /S") = p r - 1. 

Proof. Set <f r = dim(Q,./S"). This follows easily by induction from the formulas 
dim(P,. +1 /S") = (p - l)(dr + 1), dim(Q r+ i/S") = p(d r + 1) - 1. □ 

Choosing generators Ui for Hi at the generic point of S', we get units a* = aj(tij). 
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lem : agreegeneric 



Lemma 4.4. At the generic points of P r and Q r> the p-forms ^ n and <fr n of 
agree with the forms defined in (|3.ip and (|3.2[) . 



Proof. This follows by induction on r, using the analysis of 14.1.21 Given a point 
Q = (<7i, ■ ■ • ,<7 P ) of Q p r Z\ and a point {(1 : y^} on P r over it, y = {(1,2/i)} is 
a nonzero point on L(l, . . . , 1) and j/j = 1 ® vi for a section of K r —\. Since 
e(l, yi) = 1 — a r $ r -i(vi) and ^ r (y) = Y\e(l,yi), the forms *$> r agree. Similarly, if 
i>o is the generator of K r —\ over the generic point qo then y' = vq ® y is a generator 
of if,, and 

$ r (y') = $ r -l(«o)$rfe), 

which is also in agreement with the formula in (|3.2p . □ 

Recall that K$ is the trivial line bundle, and that 4>o is the standard p-form 
$o(«) = w p on A" . Every point of P r — ]J P(00L) has the form w = (wi, . ■ . , lOp-i), 
and the projection P r — > J| Q r _i sends w £ P r to a point a; = (xi, . . . , x p -i). 



part4 Proposition 4.5. Let s £ <S" &e a point such that a\\ s , .. . , a r \ s =/= 0. 

1. If^> r \w — for some w £ P r , then {ai, . . . , a r } vanishes in K^r (k(w))/p. 

2. If <& r \q = for some q = (xq, w) £ Q r , {ai, . . . , a r } vanishes in K^ 1 (k(q))/p. 

Proof. Since $ r = 3> r _i ® the assumption that \6Vlu, = implies that <& r L = 



for any Xq £ Q r -i over s. Conversely, if <f> r 



then either VP,. 



or 

$ r _i| Xo = 0. Since <f>o ^ 0, we may proceed by induction on r and assume that 
&r-i\xi 7^ for each j, so that <& r | q = is equivalent to ^ r \ w = 0. 

By construction, the p-form on L = H r £g) K r _\ is <p(u r <8> v) = a r <f> r -i(v), where 
u r generates the vector space H r \ s and v is a section of K r -\. Since ^f r \ w is the 
product of the forms e\ w ., some e\ Wj = 0. Lemma 11.51 implies that a r <f> r —i(v) is a 
pth power in k(xj), and hence in k(w), for any generator v of K r —i\ x ,. By Lemma 
{ai, . . . , & r _i, $ r _i} = and hence 



{ai 



, »r} = {oi, .. 



_i,a r $ r _i} = 



in Kj:' 1 (k(w))/p, as claimed. 



□ 



Lemmal2 



We conclude this section with some identities in CH(P n ) /pCH(P n ), given in| 
To simplify the statements and proofs below, we write ch(X) for CH(X)/pCH(X), 
and adopt the following notation. 

Definition 4.6. Set r\ = c x {H n ) £ ch^S"), and 7 = Ci(L(l, . . . , 1)) £ ch^P,,). 
Writing P for the bundle F(0 ®H n ® K n _ x ) over Q n _i, let c £ ch(P) denote c x (L) 
and let k £ ch(Q„_ 1 ) denote C\{K n _\), We write Cj, Kj £ ch(P„) for the images of 
c and k under the jth coordinate pullbacks ch(Q„_i) — > ch(P) — > ch(P n ). 

Lemma 4.7. Suppose that H±, . . . , H n -\ are trivial. Then 

(a) 7 P = 7 P 77 d in ch(P„), where d = p n — p 71 " 1 ; 

(b) If in addition H n is trivial, then j d = — Y[ Cjn^, where e — p n ~ l — 1. 

(c) If S' = Spec/c then the zero-cycles n e £ cho(Q„_i) and j d £ cho(P n ) have 

deg(« e ) = (— l)"" 1 and deg(j d ) = -1 modulo p. 
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cor :RtoCH 



Proof. First note that because K n -i is defined over the e-dimensional variety 
Q n _x(Spec k; Hi, H n -i), the element k = ci(K n -i) satisfies n p = 0. Thus 
(r) + n) p = rf and hence (rj + n) d — rf . Now the element c = Ci(L) satisfies 



the relation c 2 = c(rj + k) in ch(P) and hence 



in ch p,l (P). Now recall that P n 



c p (j) + = c p 
= n P- Then 7 = £ Cj and 



E<f =£<~V 



r 



When P„ is trivial we have r\ — and hence c 2 = en. Setting bj = cf — CjKj, 
we have 7 d = 7 P " ^p -1 ) = (5^&j) p ~ 1 . To evaluate this, we use the algebra trick 
that since 6| = for all j and p = 0we have bj)^ 1 = (p — 1)! II bj = — JJ bj. 

For (c), note that if 5' = Spec A; then 77 = and 7 d is a zero-cycle on P„. By the 
projection formula for tt : P n — > f] part (b) yields 7r*7 d = (— l) p f| «|. Since 

each Q n -i is an iterated projective space bundle, CH(Y[ Q n _i) = CH(Q n _i, 
and the degree of f| k| is the product of the degrees of the Kj. By induction on n, 
these degrees are all the same, and nonzero, so deg(]l Kj) = 1 (mod p). 

It remains to establish the inductive formula for deg(K e ). Since it is clear for n = 
0, and the Qi are projective space bundles, it suffices to compute that ci(K n ) p _1 = 
K e j d in ch(Q„) = ch(Q„_i) ® ch(P n ). Since n e+1 = and ci(K n ) = n + 7 we have 

ci(K n )"" _1 = n e+1 + 7 p "" = 7 P "" 
and hence ci(if„) <i = 7 d . Since 7 d+1 = 0, this yields the desired calculation: 

ciiK^- 1 = ci{K n fci(K n ) d = (k + 7) V = «V- □ 

Corollary 4.8. There is a ring homomorphism ¥ p [X, z]/ (z p — \ p ~ 1 z) — > ch(P„), 
sending A to rf and z to j p 



sec :Modelf orMoves 



Ytower 



5. Model for p moves 

In this section we construct maps S n -i — ► S n which model the p moves of type 
C n defined in 13.61 Each such move introduces p n ~ x — p n ~ 2 new variables, and will 



be modelled by a map Y r — > Y r -i of relative dimension p n 1 



P 



,n-2 



using the P n -\ 



construction in 14.21 The result (Definition 15. ip will be a tower of the form: 



Jn—l 

Sn-i = Yp 



L 



fp 



p-i 



Y, 



p-i 



L 2 



h 



h 



Y X ^ Y Q = S n . 

Fix n > 2, a variety S n , and line bundles Hi, . . . , H n _2, H n and J n on S n . The 
first step in the tower is to form Yq — S n and Yi = P n _i(S n ; Hi, . . . , H n _2, Jn), 
with line bundles Lq = J„ and Li = H n ® L(l, . . . , 1) as in 14.21 In forming the 
other Y r , the base in the P n ~i construction 14. 21 will become Y r _i and only the final 
line bundle will change (from J„ to L r _i). Here is the formal definition. 

Definition 5.1. For r > 1, we define morphisms f r : Y r — > Y r ^i and line bundles 
L^ 1 and L r on Y r as follows. Inductively, we are given a morphism f r -i ■ Yr-i ^ 
Y r -2 and line bundles L r _i on Y r _i, L r _2 on Y r -2- Set L^ 1 = L(l, . . . , 1), 

Y r = P n _i(Y r _i; Hi, . . . , H n _2, i r _i) — > 3^-i, £ r = f*f*-i(L r -2) ® L^ 1 . 
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Finally, we write S n -i for Y p and set J n _i = L Pl J' n _ 1 = f*(L p -i). By Lemma 
H31 dim(Y r /y r _ 1 ) = p™- 1 - p n - 2 and hence dim(S„_i/5 n ) = p n - p*" 1 . 



def : Ar 



For example, when n = 2 and and iTi is trivial, this tower is exactly the tower 
of[2~n we have Y r = Pi(Y r _i; £ r _i) = n P^O 8 Ly-i). 

Remark 5.1.1. The line bundles J n ~\ and J^-i wn l be the line bundles of the Chain 
Lemma HTT1 The rest of tower (|3.9p will be obtained in Definition 15.81 by repeating 
this construction and setting S = S%. 

The rest of this section, culminating in Theorem 15. 9i is devoted to proving part 
(6) of the Chain Lemma, that the degree of the zero-cycle Ci(Ji) dl is relatively 
prime to p. In preparation, we need to compare the degrees of the zero-cycles 
ci(Jn-i) dlmS ' l ~ 1 ° n S n -i and c\{ J n ) dlmSn on S n . In order to do so, we introduce 
the following algebra. 

Definition 5.2. We define the graded F p -algebra A r and A r by A r = A r jX-\A 
and: 



. \ 



Fj,[A_i,A , . . . , A r ,zi, . . . ,z r ]/({zf - \ V i_lzi, Xi - A; 



1. 



,r}). 



RtoCHY 



lem: 19 



Remark 5.2.1. By Corollary 14.81 there is a homomorphism A p -A ch(Yp), sending 
A r to ci(L r ) p " 2 and z r to ci(L^) p " 2 . When H n _\ is trivial, p factors through A p . 

_ 2 2 

Lemma 5.3. In A r , every element u of degree 1 satisfies u p — u p Xq p . 

Proof. We will show that A r embeds into a product of graded rings of the form 
Afe = F p [A ][i>i, . . . ,Vk]/(v p , . . . ,v p ). In each entry, u = a\ + v with v p = and 



a € F p , so u v 



<zAq and u p 



aX p , whence the result. 



Since A r+ \ — A r [z]/(z p — X^^z) is flat over A r , it embeds by induction into a 
product of graded rings of the form A' = Ak[z]/(z p — u p ~ 1 z), u S Afe. If u ^ 0, 
there is an embedding of A' into nf=o ^ k wnose *th component sends z to iu. If 
u = 0, then A' = K k+l . □ 



rem:indep Remark 5.3.1. It follows that if m > and (p 2 — p) \ m then u kp+m = X™u kp . 

Proposition 5.4. In A r , X pN ~ p = xf ~ p2 (JJ zf _1 +TA ), where deg(T)=p 2 -p-l. 

Proof. By Definition 15. 2i A p is free over ¥ p [Ao] , with the elements Yl z T l (0 — 
rrii < p) forming a basis. Thus any term of degree p N — p is a linear combination 



prop : cor22 



of F = AS 



n 



p-i 



and terms of the form A™ Y\ wri ere ^ mi = p — p 



and mo > p — p . It suffices to determine the coefficient of F in A£ p . Since 

JV N 2 2 _____ 

-f = \ p ~ p X p ~ p by Remark EXU it suffices to consider N = 2, when F = 
As in the proof of Proposition 12. 6[ if p > r > 2 we compute in the ring A r that 

a^p- 1 ) =(* r + \ r _ 2 ) p ^)+iv-r) = {z v r + \ p _ 2 y-K ( Zr + x r _ 2 ) p - r 

= (ZrK-\ + K-2Y-\Zr + K-2) p - r = Z^ 1 X^^ + T, 

where Tg A r _i[£ r ] is a homogeneous polynomial of total degree <p— 1 in z r . By 



induction on r, the coefficient of (z\ ■ ■ ■ z r ) p 1 in Ar 1 is 1 for all 



□ 
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thm!6base 



Lemma 5.5. If S„ 



Theoreml6 



lem: agreePsi 



Rtower 



thm:part6 



Spec(fc) and c = ci(J„_i) G CH 1 (S n 
deg^™ 5 — 1 ) = 1 (modp). 



l), then 



Proof. Set d — dim(S' n _i) 



p n 1 ; under the map A p A ch(S n _i) of lSXTl 



the degree p 2 — p part of A p maps to CH d {S n -i). In particular, the zero-cycle 
c d = p{X p )P 2 -P equals the product of the = c x (Lf by Proposition 

15.41 (the TAq term maps to zero for dimensional reasons). Because Sn-i = Y p is a 
product of iterated projective space bundles, CHq(Y p ) is the tensor product of their 
CH groups, and the degree of c d is the product of the degrees of the ci(Lf ) d / p , 
each of which is —1 by Lemma B~T1 It follows that deg(c d ) = 1 (mod p). □ 

Theorem 5.6. If S n has dimension p M —p n and Hi, . . . , ff„_i are trivial then the 
zero-cycles Ci(J n _i) dinl5 »- 1 G CH (S n -i) and ci(J„) dimS " G CH (S n ) have the 
same degree modulo p: 

deg( Cl (J n ^) dimS ^) = deg( Cl (J„) dimS ") (mod p). 

Proof. Bv l5.2.ll there is a homomorphism A p A ch(S' n _i), sending A r to ci(L r ) p 
and z r to Ci(L^) p " 2 . Because H n -\ is trivial, p factors through A p . 

N 2 

Set JV = M - n + 2 and y = Ag _p , so = Cl (J„) dimS " G ch (5 n ). From 
Proposition 15.41 we have Xp" ~ p = yY\zf _1 modulo ker(p). From Lemma [231 the 
degree of this element equals the degree of y modulo p. □ 

The p-forms. We now define the p-forms on the line bundles J n -i and J' n _ 1 . 
using the tower (|5.1[) . Suppose that the line bundles L_i = H n and L Q — J n on 
S n are equipped with the p-forms /3_i and [3q. We endow the line bundle L\ in 
Definition 15 . II with the p-form P\ = ® ^„_i(/3o); inductively, we endow the 

line bundle L r with the p-form 

A- = /*(A-a)<8>¥n-i(A-i). 

Example. When n = 2 and iJi is trivial saw that the tower 15.11 is exactly the 
tower of 12.11 In addition, the p-form (3 r = ^i(Pr-i) agrees with the p-form tp r = 
/% r _ 2 )®* r ofE2l 

Lemma 5.7. If Po = a n -i and P-% = a n , then (at the generic point of Y\) the 
p-form P P agrees with the form a n ^n-i in (|3.6() . 

Proof. By Lemma l4~4"l the form agrees with the form of (|3.ip . □ 

Definition 5.8. The tower (|3.9p of varieties Si is obtained by downward induction, 
starting with S n — Spec(fc) and J„ = H n -\- Construction 15. ll yields SVi-i, Jn— l 



and Jn-i- Inductively, we repeat construction 15.11 for i, starting with the output 
Si+i and Jj-|_i of the previous step, to produce Si, Ji and J[. 

By downward induction in the tower (|3.9|) . each Ji and J? carries a p-form, which 
we call ji and j i} respectively. Bv l5.7[ these forms agree with the forms ji and 7 Z ' 
of dXTJ) and ll3~3)l . 



Thus if we 



Since dim^/S^-i) = p 4+ — we have dim(Sj/5 n ) = p n — p*. 
combine Lemma 15.51 and Theorem 15.61 we obtain the following result. 

Theorem 5.9. For each i < n, deg(ci( Ji) dlmSi ) = —1 (mod p). 

Theorem[5Uestablishes part (6) of the Chain Lemma0 that deg(ci(Ji) dimSl ). 
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sec: trucking 



def : Gnice 



rem : Gproduct 



ex : Gpro j ect ive 



ex : GKummer 



ex:GB 



Proof of the Chain Lemma \0.1[ We verify the conditions for the variety S = Si 
in the tower p. 9ft ; the line bundles Ji and J[ and their p-forms are obtained by 
pulling back from the bundles and forms defined in 15.81 Part (1) of Theorem 10.11 
is immediate from the construction of S; part (6) is Theorem 15. 9[ combined with 
Lemma T5. 5 1 Part (2) was just established, and part (4) was proven in Proposition 
14.51 parts (3) and (5) follow from (2) and (4). This completes the proof of the 
Chain Lemma. □ 

6. Nice G-actions 

We will extend the Chain Lemma to include an action by G = p,p on S, Ji, J- 
leaving 7, and 7^ invariant, such that the action is admissible in the following sense. 

Definition 6.1. (Rost, cf. p. 2]) Let G be a group acting on a fc-variety X. We 
say that the action is nice if ¥yxq(X) is 0-dimensional, and consists of fc-points. 

When G also acts on a line bundle L over X , the action on the geometric bundle 
L is nice exactly when G acts nontrivially on L\ x for every fixed point x G X, and 
in this case Fixc(L) is the zero-section over Fixc(X). 

Suppose that G acts nicely on each of several line bundles Li over X. We say 
that G acts nicely on {L\, . . . , L r } if for each fixed point x G X the image of 
the canonical representation G — > J} Aut(Z,| x ) = n^( x ) X ^ s EI^i with each Gi 
nontrivial. 

Remark 6.1.1. If X, — > S are equivariant maps and the Xi are nice, then G also 
acts nicely on X± x g X%. However, even if G acts nicely on line bundles Li it may 
not act nicely on L\ M L2, because the representation over (x±,X2) is the product 
representation L±\ Xl ® L2\ X2 . 

Example 6.2. Suppose that G acts nicely on a line bundle L over X. Then the 
induced G-action on P = P(C © L) and its canonical line bundle L is nice. Indeed, 
if x G X is a fixed point then the fixed points of P| x consist of the two fc-points 
{[O], [L]}, and if L\ x is the representation p then G acts on L at these fixed points 
as p and respectively. 

By 16. 1.11 G also acts nicely on the products P = ]J P(C © L) and Q = X x 5/ P 
of Definition 14.11 but it does not act nicely on L(l, . . . , 1). 

Example 6.3. The group G also acts nicely on the Kummer algebra bundle A = 
A(L) of II. 4[ and on its projective space P(^4). Indeed, an elementary calculation 
shows that FixcP(^4) consists of the p sections [L 1 ], < i < p over Fixc(X). In 
each fiber, the (vertical) tangent space at each fixed point is the representation 
p © • • • © p v ~ x . If G = Hp, this is the reduced regular representation. 

Over any fixed point x G X , L\ x is trivial, and the symmetric group S p acts on 
the bundle A\ x , permuting the fixed points. This induces isomorphisms between 
the tangent spaces at these points. 



Example 6.3.1. The action of G on Y = P(C © A) is not nice. In this case, an 
elementary calculation shows that Fixe 00 consists of the points [L l ] of P(^4), 
< i < p, together with the projective line P(0 © O) over every fixed point x of 



X. For each x, the (vertical) tangent space at [L 1 ] is 1 ' 
this is the regular representation. 



if G = 



When G = Hp, the following lemma allows us to assume that the action on L\ 
is induced by the standard representation fi p c k x , via a projection G — > fip- 
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lem:Glines 



lem:nicePQ 



cor :nicePQ 



ex:niceY 



Gtwisting 



Lemma 6.4. Any nontrivial 1- dimensional representation p of G — p" factors as 
the composition of a projection G — > p p with the standard representation of p p . 

Proof. The representation p is a nonzero element of (Z/p)™ = G* = Hom(/i™, G m ), 
and 7r is the Pontryagin dual of the induced map Z/p — > G* sending 1 to p. □ 



The construction of the P r and G> in 14.21 is natural in the given line bundles 
Hi, ... , H n over S', and so is the construction of the Y r , S r and S in l5.ll and l5.8l 
Since Y\a=i Aut(ifj) acts on the -f/i, this group (and any subgroup) will act on the 
variety S of the Chain Lemma. We will show that it acts nicely on S. 

Recall from Definition 14.21 that P r and Q r are defined by the construction 14.11 
using the line bundle L r = H r © K r —i over Q r —i- 

Lemma 6.5. If S' = Spec(fc), then G — p r v acts nicely on L r , P r and Q r . 

This implies that any subgroup of Yii= i Aut(iiZj) containing p p also acts nicely. 



Proof. We proceed by induction on r, the case r — 1 being HT2l so we may assume 
that Pp _1 acts nicely on Q r -i- By 16.1.11 it suffices to show that G — p r p acts nicely 
on ¥(0 © L r ), where L r — H r © K r -i. Since the final component p p of G acts 
trivially on K r —i and Q r _i and nontrivially on H r , G = Pp" 1 x p p acts nicely on 
L r . By Example [Ol G acts nicely on P(C © L r ). □ 



The proof of Lemma 16.51 goes through in slightly greater generality. 

Corollary 6.6. Suppose that G = p p acts nicely on S' and on the line bundles 
{Hi, . . . , H r } over it. Then G acts nicely on L r , P r and Q r . 

Proof. Without loss of generality, we may replace S' by a fixed point s e S', in 
which case G acts nicely on {Hi, . . . ,H r } through the surjection /i™ — > p r p . Now 
we are in the situation of Lemma 16.51 □ 

Example 6.6.1. Since p p _1 acts nicely on Y = P n -i(S'; Hi, . . . , H n _i) and on the 
bundle K n -i, while p p of G = p p acts solely on H n , it follows that the group 
p p — p^ 1 x p p acts nicely on {Hi, . . . , H n _i,H n © L(l, . . . , 1)} over Y. 

We can now process the tower of varieties Y r defined in 15.11 For notational 
convenience, we write H n —i for J n . The case r — of the following assertion uses 
the convention that Lq — i? n _i and L_i = H n . 

Proposition 6.7. Suppose that G = Go x /i™ acts nicely on S n and (via G — > 
p p ) on {Hi, . . . , H n }. Then G acts nicely on each Y r , and on its line bundles 
{Hi, . . . , H n ^2, L r , L r -i}. 

Proof. The question being local, we may replace S' by a fixed point s G S' , and 
G by Pp. We proceed by induction on r, the case r = 1 being Example 16.6.11 
since Li = H n © L(l, . . . , 1). Inductively, suppose that G acts nicely on Y r and 
on {Hi, . . . , H n -2, L r , L r _i}. Thus there is a factor of G isomorphic to p p which 
acts nontrivially on L r but acts trivially on {H%, . . . , H n _2, L r }. Hence this factor 
acts trivially on Y r+ i = P n _i(Y r ;Hi, . . . ,H n -2,L r ) and its line bundle LP, and 
nontrivially on L r+ i = L r -i © L^. The assertion follows. □ 



GonSJ 



Corollary 6.8. G = p p acts nicely on (S, J). 
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Proof. By Definition 15.11 S n -i = Y p , J n _i = L p and J' n _ x = L v -\. By 16.71 with 
r = p, G acts nicely on S n -i and on {Hi, . . . , H n -2, J n —i, J' n -i}- By downward 
induction, G = [ip~ l x [i p acts nicely on Si and {Hi, . . . , Ji, Jj'} for all i < n. 

The case i = 1 is the conclusion, since (S, J) = (Si, Ji). □ 

Remark 6.8.1. If G = /x™ acts nicely on 5", Rost p. 2] would say that a fixed point 
s € S' is twisting for . . . , H r } if the map G -+ /ij c [J fc(s) x = ]T Aut(i?j| s ) 
is a surjection. 



7. G-FIXED POINT EQUIVALENCES 

Let A — A(J) be the Kummer algebra over the variety S of the Chain Lemma 
10. 1| as in 11.41 The group G = [i™ acts nicely on S and J by 16.8) and on A and 
P(^4) by 16.31 In this section, we introduce two G- varieties Y and Q, parametrized 
by norm conditions, and show that they are G-fixed point equivalent to V(A) and 
P(.4) p , respectively. This will be used in the next section to show that Y is G-fixed 
point equivalent to the Weil restriction of Qe for any Kummer extension E of k. 

We begin by defining fixed point equivalence and the variety Q. 

def :fpe Definition 7.1. Let G be an algebraic group. We say that two G-varieties X and 
Y are G-fixed point equivalent if FixqX and Fix^y are 0-dimensional, lie in the 
smooth locus of X and Y, and there is a separable extension K of k and a bijection 
¥ixg(Xk) — > Fixg(Yk) under which the families of tangent spaces at the fixed 
points are isomorphic as G-representations over K. 

def :Q Definition 7.2. Recall from 11.41 that the norm A — > Os is equivariant, and ho- 
mogeneous of degree p. We define the G- variety Q over SxA 1 , and its fiber Q w 
over w € k, by the equation N(f3) = w: 

Q= {[[3,t]e P{A ffiOjxA 1 : N(f3) = t p w}, 
Q w = {[[3,t] S ¥(A®0) : N(f3) = t p w}, for w e k. 

Since dim(5*) = p n — p we have dwa(Q w ) = p n — 1. If iu ^ 0, then it is proved 
in [101 §2] that Q w is geometrically irreducible and that the open subscheme where 
t 7^ is smooth. 

If w ^ 0, Q„, is disjoint from the section cr : 5 = P(O) P(^4 O); over each 
point of S, the point (0 : 1) is disjoint from Q w . Hence the projection P(^4© O) — 
a(S) — > P(.4) from these points induces an equivariant morphism n : Q w — > Y — 
f(A), w([3, t) = (3. This is a cover of degree p over its image, since w(f3, t) = ir(/3, (t) 
for all C 6 Hp. 

thm:Xb Theorem 7.3. If w ^ 0, G acts nicely on Q w and FixcQw H [Qwjsing = 0- More- 
over, Q w and Y = ¥(A) are G-fixed point equivalent over the field £ = k(Vb). 

Proof. Since the maps Q w Y — > S are equivariant, it maps FixgQ w to Fix^Y", 
and both lie over the finite set Fix^S of fc-rational points. Since the tangent space 
T y is the product of and the tangent space of the fiber Y s , and similarly for 
Q w , it suffices to consider a G-fixed point s S S. 

By 16. 71 and Lemma l6.41 G acts nontrivially on L = J\ s via a projection G — * 
By Example 16.31 G acts nicely on ¥(A). Thus there is no harm in assuming that 
G = [ip and that L is the standard 1-dimensional representation. 
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cor :NV 



lem : nosplitalgebras 



def : barT 



rem: point sonT 



Let y £ Y be a G- fixed point lying over s. Bv l6.2[ the tangent space of Y\ s at y 
is the reduced regular representation, and y is one of [1], [L], ... [Z^ ]. 

We saw in Example 16.3.11 that a fixed point [ao : a\ : • • • : a p _i : t] of G in 
P(-A©0)| s is either one of the points e, = [• • • : at : • • • : 0], which do not lie on 
Q w , or a point on the projective line {[ao : : t]}. By inspection, Q w <S>k (■ meets 
the projective line in the ^-points [CVb : : ■■■ : : 1], ( £ [i p . Each of these 
p points is smooth on Q w , and the tangent space (over s) is the reduced regular 
representation of G. □ 



Remark 7.3.1. Since it([C,-tfb : : • • • 
is not a scheme isomorphism over I. 



: 1]) = [1] for all C, Fix G (Q w ) -2U Fix G (r) 



Remark 7.4. For any w £ k x of N, any desingularization Q' of Q w is a smooth, ge- 
ometrically irreducible splitting variety for the symbol {a%, ...,a n ,w} in K^f +1 (k)/p. 

Assuming the Bloch-Kato conjecture for n, Suslin and Joukhovitski show it is a 
norm variety in [101 §2]. Note that the variety X w of 13.51 is birationally a cover of 



Let B be the O s - 
-> O s ®kE be the 



To construct Y, we fix a Kummer extension E = fc(e) of k. 
subbundle (A®1) © (0s® e) of Ae — A ©& E and let N B : B 
map induced by the norm on Ae- 

Definition 7.5. Let U be the variety f>(A) x F(B) x( - p ~V over S xp , and let L 
be the line bundle h(A) Kl L(S)^' P_1 ' over {/, given as the exterior product of 
the tautological bundles. The product of the various norms defines an algebraic 
morphism N : L — > Os®E. 



Lemma 7.6. Let u £ U be a point over {sq,s\,. 
k(si) -algebra A\ Si . Then the following hold. 

(1) If {&} doesn't split at any of the points So, . . . , s p . 
N : L u — > k(u) © E is non-zero. 

(2) If{a}\ So + in K^(k(s ))/p, then A Q is afield. 

(3) For i > 1, if{a}\ E(si) ^ in K^{E{ Sl ))/p then A 



p—i), and write Ai for the 
, Sp_i, then the norm map 



E is a field. 



Proof. The first assertion follows from part (4) of the Chain Lemma 10.11 since by 
1.41 the norm on L is induced from the p-form 71 on J. Assertions (2-3) follow from 
part (2) of the Chain Lemma, since {a} ^ implies that 7 is nontrivial. □ 



Definition 7.7. Let A E denote the Weil restriction Res 



E/k A 



characterized by 



A E (F) =F® k E ( 16 ). Let Y denote the subvariety of P(L ®0) x A E consisting 
of all points ([a : t],w) such that N(a) — t p w in E. We write Y w for the fiber over 
a point w £ A E . Note that dim(Y u) ) = p n+1 — p = p dim(Q tlI ). 



i E (k) = E. 
U{k), lying 



Notation 7.8. Let ([a : t],w) be a fc-rational point on Y, so that w £ 
We may regard [a : t] £ F(L © 0)(k) as being given by a point u £ 
over a point (so, . . . , s p _i) £ S(k) xp , and a nonzero pair (a,t) £ L u x k (up to 
scalars). From the definition of L, we see that (up to scalars) a determines a p- 
tuple (6o>fri + tie, . . . , 6 p _i + £ p _ie), where &j £ ^4| Si and £j £ fc. When a 7^ 0, 
feo 7^ and for all i > 0, 6j 7^ or i, ^ 0. Finally, writing for ^4| Si , the norm 
condition says that in E: 



N 



A /k 



(b ) ]7 P 1 N Ai(SE/E (bi + t^) = t p w. 
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r em : mor epo int s onT 



lem:tnotzero 



cor : Theorem5 



rem : kpointgivesNP 



lem:Tf ixl 



If fc C F is a field extension, then an F-point of Y is described as above, replacing 
fc by F and E by E (gife F everywhere. 

Remark 7.8.1. If w ^ 0, then a^O, because N(a) = t p w and (a,t) ^ (0,0). 

Lemma 7.9. IfY has a k-point with t = t/ien {a}|.e = in K„ (E)/p. 

Proof. We use the description of a fc-point of Y from 17.81 If t = 0, then a 7^ 0, 
therefore t ^ £ 4 and b t + Ue ^ £ Ai® E. By Lemma [7^1 if {a}\ E ^ 
in K^f(E)/p then Ag and all the algebras Aj ® F are fields, so that N(a) = 



N 



A /k 



(M rii=i ^Ai®E/E{bi + tie) 0, a contradiction to i p u> = 0. 



□ 



Consider the projection Y — > A B onto the second factor, and write for the 
(scheme-theoretic) fiber over w £ A B . Combining 17.61 with 17.91 we obtain the 
following consequence (in the notation of 17. 8|) : 

Corollary 7.10. If {a} ^ in K^(E)/p and w ^ is such that Y w has a k-point, 
then Aq and the Ai®E are fields and w is a product of norms of an element of Aq 
and elements in the subsets Aj + e o/ A <8>fc F. 

Remark 7.10.1. In Theorem 17.131 we will see that if w is a generic element of E 
then such a fc-point exists. 

The group G = /it™ acts nicely on S and J by |6.8i and on A and F(A) by 16. 31 It 
acts trivially on A E , so G acts on B, U and Y (but not nicely; see 16.1. If . 

In the notation of 17.81 if ([a : t],w) is a fixed point of the G-action on Y then 
the points uo £ F(A) and Si £ S are fixed, and therefore are fc-rational fsee 16. ip . 
If u is defined over F, each point (pi : U) is fixed in B\ Si . Since S acts nicely on J, 
Example 16.3.11 shows that if t = then either ti 7^ (and bi £ F C A; ® F) or else 
^ = and ^ 6^ G J|® r< ® F C A» ® F is for some n, < n < p. 

Lemma 7.11. For all w, FixcY w is disjoint from the locus where t = 0. 

Proof. Suppose ([a : 0],w) is a fixed point defined over a field F containing fc. As 
explained above, bo 7^ and (for each i > 0) 6, + Ue 7^ and either tj 7^ or there 
is an ri so that bi £ J ri \ Si ® F. Let / be the set of indices such that ti 7^ 0. 

By Example 16.31 60 € «/|f r ° for some r , and hence NA (bo) is a unit in fc, 
because the p-form 7 is nontrivial on J\ So . Likewise, if i ^ 7, then N^.^ F / F (bi) is 
a unit in F. 

Now suppose is/, i.e., tj 7^ 0, and recall that in this case bi £ F C Aj ®F. If we 
write FF for the algebra F(g)F = F[e]/(e p — e), then the norm from Aj(g>FF to FF 
is simply the p-ih power on elements in EF, so N^.^ EF / E p(bi + Ue) — (bi + Ue) p 
as an element in the algebra EF. Taking the product, and keeping in mind t = 0, 
we get the equation 

n, e7 N A^EF/E F (h + Ue) = H ieI (b t + Ue) p = 0. 

Because FF is a separable F-algebra, it has no nilpotent elements. We conclude 
that 



n ie ,<" 



Ue) = 0. 



The left hand side of this equation is a polynomial of degree at most p — 1 in e; 
since {1, e, . . . , e p_1 } is a basis of F®E over F, that polynomial must be zero. This 
implies that bi — ti = for some i, a contradiction. □ 
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pr op : thm6 ( 1 ) 



rem:w-f iber 



Theorem6 



Proposition 7.12. If w G A B is generic then FixcY w lies in the open subvariety 
where tJlLl** + °- 

Remark 7.12.1. The open subvariety in !7.12l is G-isomorphic (by setting t and all ti 
to 1) to a closed subvariety of A(„4) p , namely the fiber over w of the map N^®e/e '■ 
A(A) P A E defined by 

JV(6o, ■ ■ ■ , &p-i) - A^ /fc(M IJi N A*»B/E{bi + e)- 

Indeed, A(^4) p is G-isomorphic to an open subvariety of F and N^.^e/e is the 
restriction of a i— > iV(a). 

Proof. By Lemma |7.11[ Fix^Y^ is disjoint from the locus where t = 0, so we may 
assume that t = 1. Since iu is generic, we may also take to 7^ 0. So let ([a : 1], to) be 
a fixed point defined over F D k for which tj = 0. As in the proof of the previous 
lemma, we collect those indices i such that U ^ into a set /, and write EF for 
E®kF. Recall that for i G I, we have 6j G F. Since j ^ I, we have that |7| < p — 2. 
For i ^ J, 



iV 



Ai®EF/EF 



{bi + t. t e) = N Aii 



• F/F 



(the norm cannot be as t p w = w ^ by assumption). 



for some £ G F x . If we view £w as a point in F(E)(F) 
get an equation of the form 



G F x 

So we get that 

= (EF-{0})/F x , then we 



¥(E) which 
2, this image is 
□ 



Y w is G-fixed point equivalent 



But the left-hand side lies in the image of the morphism Yiiei ^ 
sends [b, : U] G P 1 ^) to [Ufa + Ue)P] G F{E)(F). Since \I\ < p - 
a proper closed subvariety, proving the assertion for generic w. 

Theorem 7.13. For a generic closed point w G A E , 
to the disjoint union of (p — 1)! copies of¥(A) p 

Proof. Since both lie over S, it suffices to consider a G-fixed point s = (sq, . . . , s p _i) 
in S(k) p and prove the assertion for the fixed points over s. Because G acts nicely 
on S and J, k(s) = k and (by Lemma l6.4p G acts on J s via a projection G — * /i p 
as the standard representation of [i v . Note that J s — J Si for all i. 

By Example 16 -31 there are precisely p fixed points on ¥(A) lying over a given 
fixed point Si G S(k), and at each of these points the (vertical) tangent space is the 
reduced regular representation of fi p . Thus each fixed point in P(A) P is /c-rational, 
the number of fixed points over s is pP, and each of their tangent spaces is the sum 
of p copies of the reduced regular representation. 

Since w is generic, we saw in 17.121 that all the fixed points of Y w satisfy t ^ 
and ti 7^ for 1 < i < p — 1 . By Remark I7.12.li they lie in the affine open 
A(A) P of F(L © O). Because fi p acts nicely on J S1 an F-point b = (b , . . . , 6 p _i) of 
A(A) P is fixed if and only if each b, G F. That is, Fix G (A(^)P) = A p . Now the 
norm map restricted to the fixed-point set is just the map A p — + A E sending b to 
^0 Oi=i (^i + e ) p - This map is finite of degree p p (p — 1)!, and etale for generic w, so 
Fhic(Y w ) has p p (p — 1)! geometric points for generic w. This is the same number 
as the fixed points in (p — 1)! copies of ¥(A) over s, so it suffices to check their 
tangent space representations. 
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At each fixed point b, the tangent space of A(_4) p (or Y) is the sum of p copies 
of the regular representation of \x v . Since this tangent space is also the sum of the 
tangent space of A p (a trivial representation of G) and the normal bundle of A p in 
?, the normal bundle must then be p copies of the reduced regular representation 
of /i p . Since the tangent space of A p maps isomorphically onto the tangent space 
of A E at w, the tangent space of Y w is the same as the normal bundle of A p in Y, 
as required. □ 

Remark 7.13.1. The fixed points in Y w are not necessarily rational points, and we 
only know that the isomorphism of the tangent spaces at the fixed points holds on 
a separable extension of k. This is parallel to the situation with the fixed points in 
Q w described in Theorem 17.31 

8. A Z/„-VARIETY. 

The following result will be needed in the proof of the norm principle. 

Theorem 8.1. Let S be the variety of the chain lemma for some symbol {a} S 
K^f(k)/p and A = ©f_ the sheaf of Kummer algebras over S. Then the 
projective bundle P(A) has dimension d = p n — 1 and p 2 \ Sd(¥(A)). 

Proof. Let 7r : P(_4) — * S be the projection. The statement about the dimension is 
trivial. In the Grothendieck group Ko(¥(A)), we have that 

i T P(A)} = K*([T S ]) + [T V ( A y s ] 

where TW^ys is the relative tangent bundle. The class Sd is additive, and the 
dimension of S is less than d, so we conclude that Sd{¥(A)) = s d (Tf^)/s)- Now 
[Xp(_4)/s] = [7r*(^4) <8> 0(l)f(A)/s] ~ 1; applying additivity again, together with the 
definition of Sd and the decomposition of A and hence it* (A) into line bundles, we 
obtain 

p-i 

de g y^ci(^J^®0(l))' i . 



i=0 



s d (¥(A)) 

The projective bundle formula presents the Chow ring CH*(¥(A)) as: 

p-i 

CH*(P(A)) = CH*(S)[y]/(l[(y - ix)) 

i=0 

where x = -Ci(J) e CH\S) and y = ci(0(l)) E CH^A)). Then s d (F(A)) is 
the degree of the following element of the ring CH* (¥(A)): 

s ' d (F(A)) = J2 P ~Ay - ™) d = E P "o a ^ xd ~ l 

A »i= A — *l=0 

for some integer coefficients a{. Since x S CH 1 (S), we have x r = for any r > 
dim(S) =p n -p. It follows that s' d (F(A)) = dp-iy*- 1 x^^. By part (6) of the 
Chain LemmaO the degree of x dim< - s ^ = (-l) dim ( s )c 1 (J) dim <-^ is prime to p. In 
addition, tt,^- 1 ) = Tr4a(0(l)) p - 1 ) = [S] G CH°{S). By the projection formula 
Sd(¥(A)) = a p _idegx dlm( ^' s - ) . Thus to prove the theorem, it suffices to show that 
a p _i = p (mod p 2 ); this algebraic calculation is achieved in Lemma [H21 below. □ 



Lemma 8.2. In the ring R = "L/p 2 [x, 2/]/(Ilf=o (v ~ * a; ))> the coefficient of y 
u m = Yli=Q (u ~ ^ X ) P ~ 1 * s P xb ' ^th b — p m — p. 



p-i 
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Proof. Since u m is homogeneous of degree p m — 1, it suffices to determine the 
coefficient of y v ~ x in u m in the ring 

R/(x - 1) = Z/p 2 [y]/([[^(y - 0) = LCo Z/p2 - 

ff m — 1 , then ui = Y^—q (U ~ is a polynomial of degree p — 1 with leading 

term py p ~ x . Inductively, we use the fact that for all a G Z/p 2 , we have 



0, if p | a 

1, else. 



Thus for m > 2, if we set k = (p 171 ' 1 - l)/(p - I), then a?'"- 1 = a fr- 1 ) +fc 2 - p ) = 
a p_1 G 'Z/p 2 , and therefore 

p— l p— l 

u m = J> - if = £(2/ - z)^ 1 = ui 

i=0 i=0 

holds in i?/(a; — I); the result follows. □ 

9. The Norm Principle 

We now turn to the Norm Principle, which concerns the group Aq(X, IC\) asso- 
ciated to a variety X. In the literature, this group is also known as and 
H d (X,K.d+i), where d = dim(X). We recall the definition from 10.21 

def :A1 Definition 9.1. If X is a regular scheme then Aq(X, K,\) is the cokernel of the 

map (B y K2(k(y)) — "-^ (B x k(x) x . In this expression, the first sum is taken over all 
points y G X of dimension 1, and the second sum is over all closed points x G X. 
The map d xy : K2{k(yj) — > k(x) x is the tame symbol associated to the discrete 
valuation on k(y) associated to x; if x is not a specialization of y then d xy = 0. If 
i£Xis closed and a € k{x) x we write [x,a] for the image of a in Aq(X, JCi). 

The group Ao(X,]Ci) is covariant for proper morphisms X — > Y, and clearly 
Ao(Spec k, ICi) = k x for every field k. Thus if X — * Spec(/c) is proper then there 
is a morphism TV : Aq(X,JCi) —> k x , whose restriction to the group of units of a 
closed point x is the norm map k{x) x — > k x . That is, N[x, a] = N k ^ x y k {a). 

Definition 9.2. When X is smooth and proper over k, we write Aq(X, Ki) for the 
quotient of Aq{X, K-i) by the relation that [xi, N x / Xl (a)] = [x%, N x / X2 (a)] for every 
closed point x — (x\, X2) ofXXfcX and every a € k(x) x . 

It is proven in jTOl 1.5-1.7] that if X has a A;-rational point then Aq(X, ICi) = k x ; 
if X(k) = 0, then both the kernel and cokernel of N : Aq(X, K\) k x have 
exponent n, where n is the gcd of the degrees [k(x) : k] for closed x € X. In 
addition, if x,x' are two points of X then for any field map k(x') — > k{x) over k 
and any a £ k(x) x we have [x,a] — [x', N x / x /a] in Ao(X, ICi). 

To illustrate the advantage of passing to Aq, consider a cyclic field extension 
E/k. Then AoiSpec E, ICi) = E x and by Hilbert 90, there is an exact sequence 

-> A (Spec E, /Ci) -> fc x -> Br(X/fc) -> 0. 

We now suppose that k is a p-special field, so that the kernel and cokernel of ./V : 
Aq(X, ICi) — > k x are p-groups, and that X is a Norm variety (a p-generic splitting 
variety of dimension p n — 1). The Norm Principle is concerned with reducing the 
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degrees of the field extensions k(x) used to represent elements of Aq(X, JC%). For 
this, the following definition is useful. 

Definition 9.3. Let A (k) denote the subset of elements 9 of A (X, ICi) represented 
by [x, a] where k(x) — k or [k(x) : k] = p. If E/k is a field extension, A (E) denotes 
the corresponding subset of A (X E ,ICi). 

Lemma 9.4. If k is p-special and X is a Norm variety, then Ao(k) is a subgroup 
ofA {X,Kx)- 

Proof. By the Multiplication Principle [10l 5.7], which depends upon the Chain 
Lemma lCTTl we know that for each [x, a], [x', a'] in A^(k), there is a \x" , a"} £ Ao(fc) 
so that [x, a] + [x' , a'] = [x" , a"] in Ao(X, /Ci). Hence Ao(k) is closed under addition. 
It is nonempty because E = fc[^/ai] splits the symbol and therefore X(E) ^ 0. It 
is a subgroup because [x, a] + [x, a -1 ] = [x, 1] = 0. □ 

Lemma 9.5 f [10i 1.24]). If k is p-special and X is a Norm variety, the restriction 
of Aq(X, ICi) — — > k x to Ao(k) is an injection. 

Proof. Let [x, a] represent 9 £ A (k). If N(9) = N k ( x y k (a) — 1 then a = a(P)/f3. 
for some by Hilbert's Theorem 90. But [x, a(/3)] = [x,(3] in A (k); see [TQl 
1.5]. □ 



Example 9.5.1. If X has a fc-point z, then the norm map N of [072] is an isomorphism 
Ao(k) = ^4o(^i^i) k x , split by a ^ [z, a). Indeed, for every closed point x of 
X we have [x, a] = [z, N k ( x y k a] in A (X, Ki), by 10 1.5]. 

Our goal in the next section is to prove the following theorem. Let E/k be a field 
extension with [E : k] = p. Since k has pth roots of unity, we can write E = k(e) 
with e p £ k. 

Theorem 9.6. Suppose that k is p-special, {o}e ^ and that X is a Norm variety 
for {a}. For [z,a] £ Aq(E), there exist points Xi £ X of degree p over k, U £ k 
and bi £ k(xi) such that N E ( z y E (a) = ]J N E ( x .y E (b t + tit). 

Theorem 19.61 is the key ingredient in the proof of Theorem 19.71 

Theorem 9.7. If k is p-special and [E : k] = p then Aq{X e ,K\) Ao(X,ICi) 
sends Aq(E) to ^4o(^)- 

Proof. If {a} E — then the generic splitting variety X has an i?-point x, and 
Theorem 19.71 is immediate from Example l9.5.1l Indeed, in this case X E has an E- 
point x' over x, every element of Aq(E) = E x has the form [x 1 ', a], and N E / k [x' , a] = 
[x, a]. Hence we may assume that {a} E 7^ 0. This has the advantage that E(xi) = 
E <g)fc k{xi) is a field for every xi £ X. 

Choose 9 — [z,a] £ Aq(E) and let Xi £ X, ti and bi be the data given by 
Theorem 19. 61 Each Xi lifts to an i?(a;i)-point Xi ® E of X E so we may consider the 
element 

9' = 9 - Y^[xi ®E,b t + fa] £ A Q (X E ,Ki)- 
By 19.41 over E, 9' belongs to the subgroup Aq(E). By Theorem 19. 6[ its norm is 
N(0') = N E{z)/E (a)/Y[N E (x,)/E(bi + tie) — 1. 
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By LemmaESl 6'= 0. Hence N E/k (0) = £ [a*, N E{xi)/h{xi) {bi + he)] in A (X, Ki). 
Since Ao(k) is a group by 19.41 this is an element of Ao(k). □ 

Corollary 9.8 (Theorem 10. 7{ 3)). If k is p-special then A (k) = A (X, K-i), and 
N : Aq(X, JCi) — > k x is an injection. 

Proof. We may suppose that X(k) = 0. For every closed z € X there is an 
intermediate subfield E with \k(z) : E] = p and a /c(z)-point z' in Xe over z. 
Since [z',a] £ Ao(-E'), Theorem I9T71 implies that [z,a] = N[z',a] is in A Q (k). This 
proves the first assertion. The second follows from this and Lemma 19.51 □ 

The Norm Principle of the Introduction follows from Theorem 19.71 



Proof of the Norm Principle (Theorem 10. 3|) . We consider a generator [z, a] 
of Aq(X, ICi). Since [k(z) : k] — p v for v > 0, there is a subfield E of k(z) with 
[k(z) : E] = p, and z lifts to a fc(z)-point z 1 of Xe- By construction, [z', a] 6 
and Ao(Xe,/Ci) — > A (X, /Ci) sends [z',a] to [«, a]. By Theorem 19.71 [z,a] is in 
Ao(fc), i.e., is represented by an element [x,a] with [k(x) : k] = p. □ 

10. Expressing Norms 

Recall that E = k(e) is a fixed Kummer extension of a p-special field k, and X is 
a Norm variety over k for the symbol {a}. The purpose of this section is to prove 
Theorem 19.61 that if an element w € E is a norm for a Kummer point of Xe then 
w is a product of norms of the form specified in Theorem 19.61 

Recall from O that Q C F(A 8 0) x Ajf. is the variety of all points ([/3,i],io) 
such that A r (/3) = i p w, and let q : Q — > Al be the projection. Extending the base 
field to IS and applying the Weil restriction functor, we obtain a morphism 

Rq = Res E /k(qE) ■ RQ = Res E /k{QE) -> A B . 

Moreover, choose once and for all a resolution of singularities Q — » Q, which is an 
isomorphism where t ^ 0. This is possible since Q is smooth where t ^ 0, see 17.21 



Remark 10.1. Since fc is p-special, so is E. As stated in Lemma l9.5[ the norm map 
Aq(E) — > iS x is injective; we identify A (E) with its image. Thus [z,a] € A (iS) 
is identified with N E ( Z )/E( a ) S -E^- By [10, Theorem 5.5], there is a point s E S 
such that = ^4 S ®£'; Under the correspondence = A(yl) ;j (£ , ), we identify 
a with a point of A(A)(E), lying over s £ S. Then N E ^y E (a) — Rq([a, l],JV(a)). 
In other words, A (E) C £; x is equal to q{Q{E)) - {0}. 



To prove Theorem l9.6l it therefore suffices to show that Y w (k) is non-empty when 
w = Rq([p, 1], w). To do this, we will produce a correspondence Z — > Yx a eRQ that 
is dominant and of degree prime to p over RQ. We construct the correspondence 
Z using the Multiplication Principle of jTOl 5.7] in the following form. 

Lemma 10.2 (Multiplication Principle). Let k be a p-special field. Then the set 
of values of the map N : A(A)(k) — » k is a multiplicative subset of k x . 

Proof. Given Remark 110. 11 this is a consequence of Lemma 19.41 



□ 

Lemma 10.3. Let F = k{Y) be the function field. Then there exists a finite ex- 
tension L/F , of degree prime to p, and a point £ £ RQ{L) lying over the generic 
point of A E . 
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Proof. Let F' be the maximal prime-to-p extension of F; then the field EF 1 = 
E ®k F 1 is p-special. We may regard the generic point of Y as an element in Y(F). 
Applying the inclusion F C F' to this element, followed by the projection Y — > A E , 
we obtain an element ui of A E (F') — EF'. By 17. 8i to is a product of norms from 
A{A){EF'). By the Multiplication Principle MM there exists (3 G A(A){EF') such 
that N(f3) = to. Now let £ be the point ([/?, 1], w) G RQ(F'). Then = o> and 

£ is defined over some finite intermediate extension F C i C F', with [L : _F] prime 
top. □ 



thm: degree 



Write r\L for the point of Y(L) defined by the inclusion F C L. We can now define 
f^Z-^ i?Q to be a (smooth, projective) model of (t)l,Q G (Y x a e RQ)(L). 



Theorem 10.4. TTie morphism g : Z 
and of degree prime to p. 



RQ is proper and dominant (hence onto) 



Proof. Let ui G A E be the generic point, k(u>) the function field and E(ui) = E ® 
As degree is a generic notion and invariant under extension of the base field, 
we may replace Y <— Z — > i?Q by its basechange along the morphism 

Spec(£(w)) -> Spec(fc(w)) A B , 



to obtain morphisms / : Z 



E(u) -> Y E{u) and g : Z B ( U ) ~> RQe{u>)- Using the 
normal basis theorem, we can write E(uS) = E(u>i, . . . ,uj p ) for transcendentals u>i 
that are permuted under the action of the cyclic group Gal(_B/fc). 

We will apply the DN Theorem I A . 1 1 with base field k' = E(lo). In the notation of 
Theorem lA.il we let r — p; we write Y for some desingularization of Y B / W y, we let 
X be RQe(uj), and we let W be a model for Ze(u) mapping to Y and X. Finally, 
we let Ui = {ax, . . . ,a n ,0Ji} G K^ +1 (k')/p. 

Observe that our base field contains E, so RQe(uj) — ResB/^Qe) x a e E(ui) 
splits as a product RQe(^) = Y\i = i Q^n where Q LOi is the fiber of Q — > A 1 over the 
point uii G A 1 (E(uj)) — E(uo). Therefore we have X — nf=i ^ where Xi is Q^n 
the resolution of singularities of Q Ui - By Remark l7.4i X, is a smooth, geometrically 
irreducible splitting variety for the symbol it, of dimension p n — 1. Thus, hypothesis 
(1) of the DN Theorem lA.il is satisfied. 

By Theorem \EM tdA x i) = t d ,i(F(A)); by Lemma ESI we conclude that 
s d {Xi) = vs d (P(A)) (modp 2 ) for some unit v G Z/p. Since s d {¥(A)) ^ by 
Theorem 18. 11 we conclude that hypothesis (3) of the DN Theorem IA. H is satisfied. 

Furthermore, K = k'(Xi x • • • x is contained in a rational function field 

over E; in fact, the field E(u>j)(Q UJj ) becomes a rational function field once we 
adjoin ^7. Since E does not split {a}, K does not split {a} either. It follows that 
K does not split Ui — {a} U {u>i}, verifying hypothesis (2) of Thcorcm lA.il 

We have now checked the hypotheses (1-3) of Theorem lA.il It remains to check 
that X and Y are G-fixed point equivalent up to a prime-to-p factor. In fact, we 
proved in Theorem 17.131 that Ye(u) is G-fixed point equivalent to (p — 1)! copies 
of P(„4) p , hence so is Y (since the fixed points lie in the smooth locus), and in 
Theorem 17.31 that Xi is G-fixed point equivalent to P(^4). That is, Y is G-fixed 
point equivalent to (p— 1)! copies of X. Therefore the DN Theorem applies to show 
that g is dominant and of degree prime to p, as asserted. □ 
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Proof of Theorem \9.6[ We have proved that there is a diagram Y 4- Z ^RQ such 
that the degree of g is prime to p. By blowing up if necessary we may assume that 
g : Z — > RQ factors through g : Z — > RQ, with deg(g) prime to p. 

Let [z,a] G Ao(-E), and set w = NE( Z )/E( a )- By Remark 110.11 there exists 
a point ([[3,1], w) G RQ(k). Lift this to a point in RQ(k) (recall that RQ — > 
i?Q is an isomorphism where t ^ 0). Since Z — > i?Q is a morphism of smooth 
projective varieties of degree prime to p and k is p-special, we can lift ([[3,1], w) 
to a fc-point of and then apply f : Z —* Y to get a fc-point in Y^,. By the 
definition of Y and Corollary |7.101 this means that we can find Kummer extensions 
k(xi)/k (corresponding to points s$ G S, and determining points Xi G X because 
X is a p-generic splitting variety), elements bi G fc(xi) and U £ k such that it) = 
n i ^ V B(x i )/B(^ as asserted. □ 
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A. Appendix: The DN Theorem 



In this appendix, we give a proof of the following Degree theorem, which is used in 
the proof of the Norm Principle. Throughout, k will be a fixed field of characteristic 
0, p > 2 will be a prime, n > 1 will be an integer and we fix d = p n — 1. 

Recall from Definition 17.11 that if X and Y are G-fixed point equivalent then 
dim(A) = dim(Y~), the fixed points are 0-dimensional and their tangent space 
representations are isomorphic (over k). 

thm:DN Theorem A.l (DN Theorem). For r > 1, let ui,...,u r be symbols in K^ J +1 (k)/p 
and let X = Yii-Xi, where the Xi are irreducible smooth projective G-varieties of 
dimension d — p n — 1 such that: 

(1) k(Xi) splits Ui; 

(2) Ui is non-zero over k(X\ x • • ■ x Xi-i); and 

(3) p 2 \s d (X t ) 

Let Y be a smooth irreducible projective G-variety which is G-fixed point equivalent 
to the disjoint union of m copies of X, where p\m. Let F be a finite extension 
of k(Y) of degree prime to p, and Spec(F) — > X a point, with model f : W — > X . 
Then f is dominant and of degree prime to p. 



thm : gendegree 
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finite 

Spec(£:(y) 



w 



Y 



f (dominant) 



x 



The proof will use two ingredients: the degree formulas I A . 2 1 and I A . 5 I below . due to 
Levine and Morel; and a standard localization result IA. 101 in (complex) cobordism 
theory. The former concern the algebraic cobordism ring fi*(&;), and the latter 
concern the complex bordism ring MU*. These are related via the Lazard ring L*; 
combining Quillen's theorem p] II. 8] and the Morel-Levine theorem [21 4.3.7], we 
have graded ring isomorphisms: 

f2*(fc) = L* <^MU 2 *. 

Here is the Levine-Morel generalized degree formula for an irreducible projective 
variety X, taken from [21 Theorem 4.4.15]. It concerns the ideal M(X) of 
generated by the classes [Z] of smooth projective varieties Z such that there is a 
fc-morphism Z — > X, and dim(Z) < dim(X). 



Theorem A. 2 (Generalized Degree Formula). Let f : Y —> 
smooth projective k-varieties. If dim(A) = dim(Y) then [Y] 



X be a morphism of 
-deg(f)[X]€M(X). 



Trivially, if \Z\ G M{X) then M{Z) C M(X). We also have: 

Lemma A. 3. Let X be a smooth projective k-variety. If Z and Z' are birationally 
equivalent, then [Z] £ M(X) holds if and only if \Z'\ £ M(X). 

Proof. By [21 4.4.17], the class of Z modulo M{Z) is a birational invariant. Thus 
[Z'\ ~ [Z] £ M(Z). Because M(Z) C M(X), the result follows. □ 

We shall also need the Levine-Morel "higher degree formula" IA.51 which is taken 
from [21 Theorem 4.4.24], and concerns the mod p characteristic numbers td, r (X) 
of [21 4.4], where p is prime, n > 1 and d = p n — 1. 
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Choose a graded ring homomorphism ip : L* — * F p [u„] corresponding to some 
height n formal group law, where v n has degree d; many such group laws exist, and 
the class td, r will depend on this choice, but only up to a unit. 

Definition A. 4. For r > 0, the homomorphism t d r : O r< j(fc) = L r( j — > F p sends 
x to the coefficient of v T n in ip(x). If X is a smooth projective variety over k, of 
dimension rd, then X determines a class [X] in n r( j(fe), and td, r {X) is td., ([X]). 

Theorem A. 5 (higher degree formula). Let f : W —* X be a morphism of smooth 
projective varieties of dimension rd and suppose that X admits a sequence of sur- 
jective morphisms 

X = -» X {r -V -> ► X^ = Spec(fc) 

such that 

(1) dim(A«) = id. 

(2) If rj is a zero-cycle on X^Xxti-ii^l' 1-1 '), thenp divides the degree ofrj. 
Then t d , r {W)=deg(f)t dtr (X). 

Here are some properties of this characteristic number that we shall need. Recall 
that if dim(X) = d then p divides Sd(X), so that Sd(X)/p is an integer. 

Lemma A. 6. Let X/k be a smooth projective variety, and k C C and embedding. 

(1) For r = 1, there is a unit u € ¥ p such that td,i(X) = u Sd(X)/p. 

(2) IfX = n[ =1 Xi and dim{X t ) = d, then t djr (X) = n[ =1 trf.i^). 

(3) td ; r(X) depends only on the class of (X C) a ™ in the complex cobordism 
ring. 

Proof. Part (1) is [H Proposition 4.4.22.]. Part (2) is immediate from the definition 
of td.r and the graded multiplicative structure on f2*(fc). Finally, part (3) is a 
consequence of the fact that the natural homomorphism f2»(fc) — > MU2* is an 
isomorphism (since both rings are isomorphic to the Lazard ring). □ 

Remark A.6.1. The class called Sd in this article is the Sd in [2]; the class called 
Sd{X) in [2] is our class s d (X)/p. 

The next lemma is a variant of Theorem I A. 5 1 It uses the same hypotheses. 

Lemma A. 7. Let X be as in Theorem\AM Then ip(M(X)) = 0. 

Proof. Consider Z with [Z] G M (X). If d does not divide dim(Z), then ip([Z}) = 
for degree reasons. If dim(Z) = 0, then the image of Z is a closed point of X; since 
the degree of such a closed point is divisible by p, we have ^([Z]) = 0. Hence we 
may assume that dim(Z) = sd for some < s < r. The cases r = 1 and s = are 
immediate, so we proceed by induction on r and s. 

Let / : Z — > A be a fc-morphism with dim(Z) = sc?, and let / s : Z — > 
be the obvious composition. As dim(Z) = dim(X^), the generalized degree for- 
mula E2 applies to show that [Z] - deg(/ s )([A (s) ]) <G M(A (s) ). By induction on 
r, V(M(XM)) = 0, so ip([Z]) = deg(f s )ip([X^}). We claim that deg(/ s ) = 
(mod p), which yields ip([Z]) =0, as desired. 

If f s is not dominant, then deg(/ s ) = by definition. On the other hand, if f s 
is dominant, then the generic point of Z maps to a closed point 77 of A^ s+1 ' X^.j 
k(X^ s '). By condition (2) of Theorem IA.5| p divides deg(ry) = deg(/ s ). 



□ 
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lem:M(Y) 



Gbord 



thm:bordloc 



We will need to show that ip(M(Y)) = for the Y appearing in Theorem IA.ll 
This is accomplished in the next lemma. 

Lemma A. 8. Suppose X , Y and W are smooth projective varieties of dimension 
rd over k, and f : W — > X and g : W — > Y are morphisms. Suppose further that 
%j}{M(X)) = and that p does not divide deg(g). Then ip(M(Y)) = 0. 

Proof. Suppose \Z\ £ M(Y). As g : W — > Y is a proper morphism of smooth 
varieties, of degree prime to p, we can lift the generic point Spec(fc(Z)) — > Y to a 
point q : Spec(F) — > W for some field extension F/k(Z) of degree e prime to p. Let 
Z be a smooth projective model of F possessing a morphism to Z and a morphism 
to X extending the fc-morphism / o q ; Spec(F) — ► X. Hence [Z] 6 M(X). By 
the degree formula for the map Z — > Z, e [Z] - [Z] £ M(Z). If dim(Z) = 0, then 
M(Z) = (0). In general, M(Z) is generated by the classes of varieties of dimension 
less than dim(Z) that map to Z (hence a fortiori also map to Y) over k. By 
induction on the dimension of Z, we may assume that tp(M(Z)) = 0. Moreover, 
^([Z]) = by assumption; since p does not divide e, we conclude that ^([Z]) = 
as asserted. □ 

Finally, we will use the following standard bordism localization result. 

Lemma A. 9. Suppose that the abelian p-group G = [i™ acts without fixed points 
on an almost complex manifold M . Then ip([M]) = in¥ p . 

Proof. By [11], [M] is in the ideal of MC7* generated by {p, [Mi] . . . , [M„_i]}, where 
dimc(Afj) = p L — 1. Since p is the only generator of this ideal whose dimension is 
a multiple of d = p n — 1, ip is zero on every generator and hence on the ideal. □ 

Theorem A. 10. Let G be /x™ and let X and Y be compact complex G-manifolds 
which are G -fixed point equivalent. Then ip([X]) = ip([Y]). 

Proof. Remove equivariantly isomorphic small balls about the fixed points of X 
and Y, and let M — X U —Y denote the result of joining the rest of X and Y, with 
the opposite orientation on Y. Then M has a canonical almost complex structure, 
G acts on M with no fixed points, and [X] - [Y] = [M] in MU*. By Lemma lA~9l 
^([X]) - = V([Af]) = 0. □ 

We can now prove Theorem I A. II Note that the inclusion k(Y) C F induces a 
dominant rational map W — > Y; we may replace W by a blowup to eliminate the 
points of indeterminacy and obtain a morphism g : W — > Y, whose degree is prime 
to p, without affecting the statement of Theorem IA.ll 

Proof of the DN Theorem[JJ\ We will apply Theorem [O] to X and the XW = 
Yli—i X%- We must first check that the hypotheses are satisfied. The first condition 
is obvious. For the second condition, it is convenient to fix t and set F = k(X% x 
• • ■ x X t - t ), X' = x x( *-i) F. By hypotheses (1-2) of Theorem [ATT] the symbol 
u t is nonzero over F but splits over the generic point of X'\ by specialization, it 
splits over all closed points. A transfer argument implies that the degree of any 
closed point r\ of X' is divisible by p; this is the second condition. Hence Theorem 
IA. 51 applies and we have td, r (W) = deg(/) td, r (X). 

By Lemmas IA.8I and IA.71 we have that %p(M(Y)) — 0; by the generalized de- 
gree formula fA.2i we conclude that ^([H^]) = deg(g) ip([Y]), so that td, r (W) — 



NORM VARIETIES AND THE CHAIN LEMMA (AFTER MARKUS ROST) 31 

Aeg{g)t d . r {Y)^Q. Hence 

deg(f)t d , r (X)=deg(g)t d , r (Y). 

By Theorem IA. 101 and Lemma [A.6f 3). mtd, r {X) = t d>r (Y). Condition (3) of 
Theorem IA.1I and Lemma lA.61 imply that td,i{Xi) ^ for all i and hence that 
t dtT (X) ^ 0. It follows that mdeg(g) = dcg(/) ^ modulo p, as required. □ 
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